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Summary 


A survey has been made of the radio emission from a section of the Milky 
Way extending from /=40° to /=130° and b=+14° to b 14°. The 
measurements were made at a frequency of 158-5 Mc/s using an aerial with a 
2-degree beam. The isophotes and the absolute intensity of the radiation 
from the region have been obtained. The greater sensitivity and resolving 
power of the equipment over that used in previous work has revealed some 
new features of the region, including several localized sources not reported 
previously. It has also been possible to obtain detailed contours for the 
region of high intensity close to the intense source Cygnus I. 





1. Introduction.—The intensity of extra-terrestrial radio waves received on 
the Earth varies over the celestial sphere and the distribution has been studied 
by several observers. ‘The published surveys have been made on frequencies in 
the range 18 Me/s (1) to 480 Mc/s (2). A study of these surveys discloses that 
certain general features of the distribution are well established. It is found 
that the intensity of the radiation varies with galactic latitude in such a way 
that it is a maximum in the galactic plane and a minimum towards the galactic 
poles, while the distribution in galactic longitude shows that there is an increase 
of intensity towards the galactic centre and a decrease towards the anti-centre. 
Westerhout and Oort (3) have analysed the isophotes measured by Bolton and 
Westfold (4) at 100 Mc/s and have compared them with some isophotes 
calculated for a model of the Galaxy. Although their results do not show complete 
agreement between the model and the radio observations, the analysis suggests 
that it is possible (at 100 Mc/s) to regard the radiation from the Galaxy as arising 
from an array of radio sources distributed in a similar manner to the common 
stars. 


* Received in original form 1952 May 30. 
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The existing surveys are adequate to establish the general correspondence 
between the radio isophotes and the visual outline of the Galaxy, but it is clear 
that a number of improved surveys must be carried out if progress is to be made 
in the detailed study of galactic radio emission. For example, it is impossible 
from the present surveys to ascertain the detailed changes which occur in the 
radio isophotes as the wave-length of observation is varied. The amount of 
information presented by the surveys has been limited by two obvious factors. 
Firstly, the physical size of the aerials used in the longer-wave surveys has not 
been sufficiently great to reduce the aerial beams to a width comparable with the 
detail to be expected in the radio isophotes. Secondly, as the wave-length of 
the observations is reduced the intensity of the radio flux decreases, and the 
limits then set by the sensitivity of the receiver make it difficult to exploit the 
improved resolution. An improvement in our knowledge of the distribution of 
galactic radio emission will therefore depend upon an increase in the size of the 
aerials used for long waves and upon the use of more sensitive receivers for 
short waves. 

The present paper describes an attempt to improve upon the existing 
160 Mc/s survey (§) by the use of the large paraboloid at the Jodrell Bank 
Experimental Station. The frequency chosen represents the maximum frequency 
at which the aerial system can be used since at 160 Mc/s the mirror surface is 
appreciably transparent. 

The field of view of the aerial system has been surveyed, but the present 
paper is restricted to an account of the results obtained in a limited strip centred 
about the galactic plane. ‘This region represents all the galactic plane within 
the field of the paraboloid and it contains the two most intense radio sources 
known, together with the region in Cygnus which some authors (5, 6) have 
identified with a spiral arm of the Galaxy. 

2. Description of apparatus. (a) The aerial system.—The aerial system is a 
paraboloid of 218 ft. diameter and 126 ft. focal length. ‘The reflecting surface 
is fixed to the ground but the direction of the aerial beam can be altered by 
displacing the position of the primary feed. The mast supporting the primary 
feed is pivoted at its base in such a way that it can be tilted in the north-south 
plane about 15 degrees on either side of the vertical by altering the lengths of 
the supporting guys. 

The direction of the beam is found from the angle of tilt of the mast by 
applying a correction factor, which experiments with small paraboloids (7) have 
shown to remain constant over wide angles of tilt. In the early work with the 
218 ft. paraboloid the value of this correction factor, combined with the 
uncertainty in the position of the electrical centre of the primary feed, produced 
an uncertainty of about +25’ in the position of the beam when the mast was 
tilted to the limit of its movement. It has subsequently been possible to reduce 
this uncertainty by calibrating the beam on the Great Nebula in Andromeda (8) 
and on the intense sources in Cygnus (9g) and Cassiopeia. The coordinates of 
these sources are now accurately known from measurements made with 
interferometers (10). These calibrations show that the relationship between 
the angle of tilt of the mast («) and the angle of tilt of the beam (@) is represented 
by the equation 0=ke, 


where k= —0°915+0°005. This calibration eliminates any systematic error 
due to the uncertainty in the position of the electrical centre of the primary feed 





No. 2, 1953 A radio survey of the northern Milky Way III 


and reduces to +5’ the maximum error in deriving the angle of tilt of the aerial 
beam from the measured angle of tilt of the mast. This error combined with 
the error in measuring the actual position of the mast produces an uncertainty 
in the final position of the beam which varies from about +5’ with the beam 
vertical to about +10’ with the beam inclined at its maximum angle. 

The gain of the aerial system has been calculated for the normal case where 
the beam is vertical; and the results, together with an experimental measurement, 
are given in a previous publication (8). The variation of gain with beam tilt 
for a number of small paraboloids has been investigated by Silver and Pao (7) 
and their results have been used in correcting the observations when the beam 
is tilted from the vertical. It is estimated from their work that the loss in gain 
with the beam at its maximum angle of tilt is less than 20 per cent. 

The shape of the beam has been calculated for frequencies of 72 Mec,s and 
158-5 Mc's for the case where the beam is vertical. It has been checked in this 
position at 72 Mc/s using a transmitter carried in an aircraft; the calculated 
and observed widths of the main beam were found to be in good agreement. 
The aircraft measurements also showed the existence of a system of three main 
side lobes close to the beam and spaced symmetrically around it. ‘The most 
intense of these lobes has a power gain 10 per cent that of the main beam and it 
is believed that they represent scattered radiation from the steel guys supporting 
the mast. ‘The shape of the beam at 158-5 Mc/s has been investigated by 
observations of the intense sources Cygnus I and Cassiopeia I. As the latter 
source lies 5° from the zenith in a region undisturbed by gradients in the back- 
ground radiation the isophotes observed around the source give an accurate picture 
of the beam shape for small angles of tilt. ‘These isophotes can be seen by 
inspection of the isophotes in Fig. 2 and agree well with the 72 Mc/s observations. 
The shape of the beam when tilted 13° out of the vertical has been investigated 
by observations of the source Cygnus I. The beam width at this angle of tilt 
agrees closely with that found from Cassiopeia I. Although the source lies on a 
sharp gradient of the background radiation it is possible to observe fairly clearly 
one-half of the side-lobe pattern of the aerial beam, and by assuming it to be 
symmetrical a full picture of the pattern can be inferred. ‘There appears to be 
no significant change from the pattern observed with the beam directed only a 
few degrees from the vertical. 

(6) The receiving equipment.—Fig. 1 shows a block diagram of the apparatus, 
which has been described in detail in a previous paper (8). The aerial is 
connected to the receiving equipment by a coaxial cable and a rotating switch S,. 
The cable is 294 ft. in length and the total loss in the cable and the rotating 
switch is 3 decibels at 158-5 Mc/s. In operation the equipment automatically 
maintains a balance such that the power from the aerial plus that from a noise 
generator B equals the power from a noise generator A. ‘The power from A 
is normally kep’ constant and variations in the power from the aerial are 
recorded as variations in the power output from B. ‘The output of B is recorded 
continuously by a recording milliammeter on a moving chart. 

The minimum signal which the equipment can detect has been estimated 
theoretically (8) and corresponds to a randomly polarized flux incident on the 
aerial of 10-*° watt m™® (c/s)"!. The actual performance is limited throughout 
the day, and throughout many nights, by interference arising from a variety of 
terrestrial sources; and the theoretical limit of performance is approached on 
only a few nights between midnight and sunrise. 


o* 





112 R. Hanbury Brown and C. Hazard Vol. 113 


The minimum detectable flux quoted above has been estimated on the 
assumption that a signal can be detected if it exceeds about twice the r.m.s. 
noise fluctuations in the receiver output. It has been assumed in this estimate 
that the stability of the equipment itself is so high that changes in the output 
due to instrumental causes can be neglected over the period of observation, 
which for a point source is about half an hour. However, for the measurement 
of the isophotes of a large area of the sky the long-period stability of the equipment 
is important, and is in fact the limiting factor in the accuracy of the result. ‘The 
type of equipment shown in Fig. 1 is inherently stable in output and is suitable 
for measurements extending over long periods. The receiver itself is used to 
measure only the equality of the signals on both sides of the rotating switch 5,, 
and for this reason changes in the gain have only a second-order effect on the 
level of the output. In practice, if the equipment is connected to a dummy 
aerial it will run for a period of several days with a stability such that changes in 
the output, due to variations in the power supply, etc., are comparable to the 
fluctuation noise at the receiver output. Unfortunately this stability is not often 
attained in practice because changes in the ambient temperature of the coaxial 
feeder affect the receiver output. 
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Fic. 1.—Block diagram of apparatus. 



























































‘There are two separate effects which take place in the feeder as the temperature 
changes. Firstly the thermal noise generated in the feeder alters; secondly the 
propagation constant varies. Since the feeder loss is about 3 decibels, about 
one-half of the change in temperature of the feeder will be recorded by the 
receiver as a change in the apparent temperature of the aerial system. This 
effect can easily be compensated by measuring the change of ambient temperature 
and correcting the observed results. ‘The second effect, arising from variations 
in the propagation constant, is more difficult to correct. Owing to the difficulty 
of access to the top of the central tower of the paraboloid the primary feed was 
originally matched to the feed: > before it was erected, and after erection it was 
found that a mismatch of about 15 per cent existed between the feeder and the 
aerial. ‘This mismatch, together with the great length of the feeder in comparison 
with the wave-length, makes the output impedance of the feeder vary rapidly 
with changes in its propagation constant. Changes in the ambient temperature 
alter the propagation constant of the feeder and therefore vary the impedance 
presented to the receiver input. These changes of impedance affect the output 
level of the receiver which is thereby made sensitive to changes in the ambient 
temperature. This second effect is found to be several times larger than the 
first and it limits the long-period stability of the equipment. The errors due to 
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both effects have been reduced by taking sufficient observations over periods 
of stable ambient temperature to enable all the major effects of temperature 
gradients to be removed from the records. 

3. Method of observation. (a) Measurement of isophotes of relative aerial 
temperature.—The observations given in this paper represent a selection from 
a survey of the whole field of view of the paraboloid. ‘This survey was started 
in 1950 and is not yet complete (1952). The level of terrestrial interference 
during daylight severely limits the minimum signal which can be observed, and 
it was therefore necessary to survey each part of the sky at the time of year when 
it was in the field of view of the paraboloid during the hours between midnight 
and sunrise. 

The survey was made by fixing the aerial beam at a constant elevation, 
corresponding to the required declination, and at a constant azimuth 
(approximately due south or north). With the beam at this fixed elevation 
the power received was recorded for the required periods of right ascension. 
This procedure was repeated until a number of good records were obtained 
and until the effects of the gradient of ambient temperature could be eliminated 
by using records taken during periods of stable temperature. ‘The measurements 
were then repeated with the beam at different elevations until the required 
region of the sky had been surveyed. 

(6) Measurement of absolute aerial temperature.—In principle the absolute 
temperature of the aerial can be established from the difference in the noise 
outputs of generators A and B and from a knowledge of the transmission loss 
and temperature of the feeder, as follows. 

If 7’, is the effective temperature of the noise generator B and 7’, the effective 
temperature of the noise generator A then the effective temperature of the aerial 
system as observed at the bottom of the feeder (7) is given by 

T)=Tp- Tp. 
If 7, is the radiation temperature of the aerial system then 
T,=n7T,+(1-—n)Tp 
where 7’, is the ambient temperature of the feeder and 7 is the fraction of the 
power emitted by the feeder. 
The value of » has been measured and found to be 0-5. ‘Therefore 
2T7,=7T,+ Ty. 
Combining equations (1) and (3), 
T,4=2Tp-2Tp— Ty, 
which is the required relation between 74, the effective temperatures of the 
noise generators A and B and the ambient temperature of the feeder. 

The accuracy of the measurement of the absolute aerial temperature depends 
critically on the precision with which the impedance of the noise generator A 
is matched to that of the aerial in parallel with the noise generator B. It can be 
shown that an error of about 10 per cent in the matching of these two impedances 
will make an error of about 200 deg. K in the apparent temperature of the aerial. 
For the general survey of the isophotes these two impedances were adjusted to 
be equal with an accuracy of about + 10 per cent, and the records of the output 
of generator B were used to establish only the relative temperatures of the aerial 
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at various times. In order to calibrate these results in terms of absolute 
temperature it was necessary to make a special measurement of the absolute 
temperature of the aerial. 

To perform this measurement the receiver was disconnected from the centre 
contact of switch S, (Fig. 1) and was replaced by a radio-frequency impedance 
bridge which was then balanced with the switch connected to the noise generator A. 
After balancing the bridge the switch was rotated normally and the matching 
unit in the aerial feeder was adjusted to balance the bridge in both positions of 
the switch. ‘The precision with which this could be done was increased by 
examining the bridge output with a high-gain amplifier and a cathode-ray 
oscilloscope. ‘This method of matching the two impedances is very sensitive 
and it is estimated that any error in the aerial temperature due to a mismatch 
did not exceed 15 deg. K. When the two impedances had been equalized the 
receiver was reconnected and several readings were taken of the output of the 
noise generator A and of the noise generator B. Finally the output of the noise 
generator B was calibrated by means of the noise generator A. All these 
observations were made at night, during a period of stable ambient temperature, 
and with the aerial beam pointing at a selected region of the sky. 

4. Reduction of results. (a) Construction of tsophotes of absolute aerial 
temperature.—The observations of relative aerial temperature were at first 
converted into a system of isophotes. ‘To plot these isophotes it is necessary 
to know the difference in absolute temperature between the observations at 
different declinations. The change of aerial impedance with beam tilt does not 
permit this difference to be measured directly from the records and in principle 
it is necessary to adjust the impedance of the aerial precisely for each declination. 
This adjustment requires a rather elaborate procedure (see Section 3 (4)), and in 
practice the aerial impedance was maintained only approximately ( + 10 per cent) 
at the correct value. In order to construct the isophotes it was assumed that 
the aerial temperature observed at R.A. 12" 30™ had the same absolute value 
at all declinations and that any change of intensity over the region between 
R.A. 125 30, Dec. +37° and R.A. 12" 30™, Dec. +66° could be neglected. 
Expressed in galactic coordinates these two points correspond to /=105’, 
b=+81° and l=92°, b= +52°; and consideration of individual records taken 
during the present survey shows that at these high galactic latitudes the change 
in temperature for a change in latitude of 29° and a change in longitude of 13° 
is less than the experimental errors. The distortion produced in the contour 
system by this method of construction can therefore be neglected. 

The isophotes of relative aerial temperature were calibrated in terms of 
absolute aerial temperature (74) by measuring the absolute temperature at one 
point (R.A. 03 48™, Dec. +51° 14’) by the method described in Section 3 (6). 

(6) Conversion of aerial temperature to sky temperature.—If it is assumed that 
the temperature of the sky remains constant over the solid angle subtended by 
the main beam and its side lobes, then the temperature of the aerial beam (7',) 
may be taken as equal to the temperature of the sky. ‘The temperature of the 
aerial beam (7',) may be calculated from the observed aerial temperature (74) 
by taking into account the power received by the primary feed of the paraboloid 
from directions outside the main beam. 

The power received by the primary feed may be considered in three sections : 
(i) that received from the sky after reflection at the surface of the paraboloid, 





No. 2, 1953 A radio survey of the northern Milky Way 115 


i.e. the power in the main beam and its side lobes; (ii) that received from the 
sky directly at the primary feed or after reflection at the ground; (iii) thermal 
radiation from the ground. It can be shown by an approximate analysis which 
takes into account the polar diagram of the primary feed, and the reflection 
coefficients of the mirror surface and of the ground, that 


T 4 =0°43T,—0°28Tg—0°29Ts, (5) 


where 7g =ambient temperature of the ground, and 7',=the mean temperature 
of the sky suitably weighted to take account of the polar diagram of the primary 
feed. 

The observed values of absolute aerial temperature (7,4) were converted to 
values of beam temperature (7g) by the use of equation (5). The resulting 
values of 7’, were plotted as isophotes of sky temperature and the isophotes for 
a limited region centred about the galactic plane are shown in Fig. 2. 

Since the absolute value of 7; was not known it was necessary to express 
it in terms of the required quantity 7, before equation (5) could be solved. 
This can only be done if the isophotes of relative intensity are known for the 
whole region of sky which is above the horizon at the time of observation. It was 
assumed that for the region covered in the present survey the shape of the 
isophotes of the sky temperature were the same as the observed isophotes of 
absolute aerial temperature. These observed isophotes do not cover the whole 
of the required area of sky and were extrapolated with the help of the contours 
measured by Bolton and Westfold (4) at 100 Mc/s. By applying the radiation 
pattern of the primary feed to the extrapolated isophotes the value of 7's was 
calculated for various positions of the beam. ‘These values were then used in 
calculating, by means of equation (5), the values of 7’, shown in Fig. 2. 

5. Discussion of errors. (a) The error in the relative temperature of two points 
on the contour map.—The error in the temperature difference between any two 
points on the map (Fig. 2) is due to: 


(1) Inaccuracy in constructing the contour system. 

(2) The assumption that the observed curves of intensity versus right 
ascension can all be brought to a common zero at 12" 30™ R.A. (see Section 4). 

(3) Inaccuracy in the calibration of the equipment. 

(4) The error in estimating the value of 75 (see equation (5)). 


The value of errors (1) and (2) will vary over the map. It is estimated that, 
excluding the regions of high intensity round the two intense sources in Cygnus 
and Cassiopeia, the probable value of (1) will be about 15 deg. K. As stated in 
Section 4, the value of error (2) is small and has been neglected. The value of 
error (3) includes any inaccuracy in the calibration of the noise generator and 
in the constants assumed for the aerial system. Error (3) will also vary over the 
contour map and will depend upon the difference in temperature between the 
two points considered. It is estimated that it will amount to about + 15 per cent 
of the difference in temperature between the two points. Error (4) will be 
negligible for two closely spaced points but will increase as the separation between 
the points grows. It reaches a value of about 20 deg. K for two points at the 
maximum possible separation on the map shown in Fig. 2. 

The total error in the relative temperature between any two points on the 
map may therefore be found by combining (1), (5) and (4). Assuming the 
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value of (4) to be +10 deg. K then the probable relative error between any two: 
points at temperatures 7, and 7, may be written as 
= + [10° + 15° + {o-15(T, — T,)}*]"". 

(6) The error in the absolute temperature at any point on the contour map.—The 
error in the absolute temperature of the reference point at which the contours 
were calibrated may be estimated from equations (3) and (5). Combining these 
equations it follows that 

T3p=460Tp—4:6Tp — 2°37 p —0°65Tg —0°68Ts. (6) 

‘The main source of uncertainty in 7 is introduced by errors in the value 
of Ty. ‘These errors arise in the calibration of the noise generator and in 
equalizing the two impedances presented to the receiver as the switch S, rotates. 
This latter error introduces an uncertainty of the order of 15 deg. K into the 
value of T,, while it is estimated that the uncertainty due to errors in the 
calibration of the noise generator is about 25 deg. K. 

It is estimated that the uncertainty in the value of 7s introduces an error of 
about 20 deg. K into the value of 7,. The errors in the numerical constants 
of equation (6) depend upon the accuracy of the aerial parameters. It can be 
shown that, for this particular case, changes of the order of +10 per cent in the 
aerial parameters produce a negligible change in the value of 7's. Errors 
introduced through the values of Tp, Ty and Tg are also small and have been 
neglected. 

The total resultant error in the absolute temperature at the reference point 
has been obtained by combining the above errors as mutually random and is 
approximately equal to + 35 deg. K. 

The error in the absolute temperature (7',) at any other point is found by 
combining the error in the temperature of the reference point (7) with the 
relative error between 7, and 7. 

Probable error in 7, 

= + [10° + 15°+35°+ (o-15(7, — T)}?)”. 
At the position selected for the measurement the value of 7 was found to be 
258 deg. K, and this value must be used in calculating the probable error in the 
temperature of any point. 

6. Discussion of results. (a) The localized sources.—The most interesting 
feature of Fig. 2 is the large number of localized sources which lie close to the 
galactic plane. ‘The approximate coordinates and intensities of these sources 
are given in Table I. The region of sky covered in the present survey has also 
been surveyed with an interferometer by Ryle, Smith and Elsmore (11) in a 
search for localized sources. Of the nine sources shown in ‘Table I only the 
two intense sources Cygnus I and Cassiopeia I were detected with the inter- 
ferometer. ‘The possible reasons for this discrepancy are discussed in detail 
in the tollowing paper (12), which also lists all the sources found in the field of 
view of the 218 ft. paraboloid. ‘The present discussion is concerned only with 
the results of the survey described above, and attempts to assess from internal 
evidence alone to what extent the observed sources represent spurious effects 
introduced by defects in the aerial system. 

Sources No. 1 and No. 4 are the well-known intense sources Cygnus I and 
Cassiopeia 1. The curious shape of the isophotes around source No. 4 is caused 
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by the three side lobes which were revealed by the aircraft measurements at 
72 Mc/s (see Section 2(a)). The broken lines round the source indicate the 
loci of two systems of weak side lobes which represent the diffraction pattern 
of the paraboloid aperture. ‘The power gain of the aerial system in the direction 
of these lobes is less than 1 per cent of the gain of the main beam. The observed 
intensity of these weak side lobes varies along the broken lines and therefore 
no attempt has been made to draw their isophotes. It is believed that all the 
measurable effects arising from the reception of Cassiopeia I by the main beam 
and by its side lobes are contained within the area bounded by the outer broken 
line. 
TABLE | 
List of localized sources (epoch 1950) 


Galactic Galactic Intensity * 


S -e i Ascension Declination ; ; ‘ 
Source Right Ascensio eclinatio tenaivnde letieade | wattm-“elsy 


h mi s 8 , 
1 (Cygnus I) 19 57 22 +25 +40 22 +16 43°6 
2t 20 22 40 00 45°9 
3 20 44 50 20 56°5 
4 (Cassiopeia I) 23 21 36 +30 58 38 + 79°6 
00 22 64 30 87°5 
o2 16 62 30 100°5 
03 25 55 00 111°8 
04 57 46 30 128-3 
05 39 49 40 129°4 
Unless otherwise stated the uncertainties in the coordinates given above are about + 2™ in 


right ascension, and +1° in declination. More accurate coordinates will be given in a 
subsequent paper (12). 
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* The value of intensity given is twice that observed in one plane of polarization at 
158°5 Mc/s. 

+ This source appears to have a large angular diameter and the coordinates refer to its 
centre. The intensity given is not the integrated intensity but the maximum intensity 
observed with a 2° beam. 


The side-lobe pattern around Cygnus I is more difficult to observe because 
of the gradient of the background radiation in this region and the presence of 
source No. 2. However, as mentioned in Section 2, there appears to be no 
significant change in the pattern from that observed around Cassiopeia I. The 
small maxima at /=44°, b= +2°; /=41°:5, b= +5°:5 and /=40°5, b= +775 
are believed to represent the more intense portions of the diffraction pattern. 

Source No. 2 appears to have an angular diameter of the order of a few degrees. 
It lies in a region which is disturbed by the reception of Cygnus I in the side-lobe 
pattern of the aerial beam, but it is unlikely that a significant fraction of the 
radiation observed in the position of this source is due to side lobes, for the 
following reasons. Firstly, no lobe of comparable intensity has been observed 
in a corresponding position around Cassiopeia I, and there appears to be no 
reasonable explanation as to how an intense side lobe could be produced in such 
a position by tilting the aerial mast in the N/S direction. Secondly, since the 
aerial system is completely symmetrical about the NS direction it is to be 
expected that the side-lobe structure will also be symmetrical about this direction. 
However, at the position in which a symmetrical lobe would be expected there 
is no lobe of appreciable intensity. Finally, the source was observed on an 
occasion when the intensity from Cygnus I was fluctuating violently. Marked 
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fluctuations were observed in the intensity received from the two small side lobes 
immediately adjacent to Cygnus I but no fluctuations were observed during the 
transit of source No. 2. This observation shows that the majority of the radiation 
observed in the position of source No. 2 cannot be due to the effects of Cygnus I, 
and in addition suggests that the source must have a finite angular diameter. 
Some recent measurements made by Piddington and Minnett (13) at 1 200 Mc/s 
confirm the existence of source No. 2. They have reported an extended source 
(Cygnus X) whose coordinates agree closely with those of the source. 

‘There appears to be a weak source at /=49}°, b=o’, but since it lies close 
to Cygnus I and to the extended source No. 2 its existence is doubtful and it 
has therefore been omitted from Table I. 

Source No. 5 lies close to the position of Cassiopeia I in a region where the 
etfect of weak side lobes has been observed. When it was first observed in 1951 
there was some doubt as to whether it was genuine or whether it represented the 
reception of Cassiopeia I in a side lobe. This doubt was removed by means of 
a special interferometer (14) which observed the two sources simultaneously and 
showed that the radiation received from the source was incoherent with that 
received from Cassiopeia I. 

The isophotes around source No. 7 are difficult to delineate accurately since 
this source lies on a gradient of the background radiation and near the shallow 
maximum due to the beam crossing the galactic plane and this produces an 
apparent broadening of the source when plotted in the form of contours. In 
addition there appears to be a rather weaker source (/=119°, b=1°) close to 
source No. 7 whose contours are also difficult to delineate since it lies in a similar 
position with regard to the galactic plane. Because of the choice of a 50 deg. K 
interval between the contour lines these two sources do not appear clearly as 
distinct sources but appear only as a broad region of increased intensity. 

The remaining sources in Table I lie at considerable angles from Cygnus I 
and Cassiopeia I and there appears to be no reason to doubt their existence. 
Although they are of an intensity which could perhaps be explained by the 
reception of the two intense sources by side lobes yet they show no symmetry 
about these two sources. Furthermore the shape of the isophotes around these 
sources indicates that they have been received by the main beam of the aerial. 

(b) General discussion of the isophotes.—The results in Fig. 2 show clearly 
the concentration of the radiation to the galactic plane. They suggest that over 
the observed strip the plane defined by the radio isophotes lies very close to the 
galactic equator derived from visual observations. The isophotes of integrated 
starlight have been given by Roach and Pettit (15) for the whole sky and their 
results for the region considered are given in Fig. 3(c) for comparison with 
the radio isophotes. 

There is a marked increase in the intensity of the radiation in the Cygnus 
region and it has been suggested (5, 6) that this represents the radiation from a 
spiral arm in the Galaxy. The present survey shows that this region is complex 
and contains at least three localized sources. An interesting feature of the region 
is the pronounced “arm” extending from /=56°, b= —3° to 1/=67°, b= —11°. 
Considerations of symmetry suggest that this is a genuine feature of the isophotes 
and does not represent the effects of side lobes. The bulge in the contours at 
1= 88°, b= —10° is probably due to the diffraction effects from Cassiopeia I and 
it is clear that other minor features of the isophotes may have been influenced 
by the presence of the localized sources. 
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F1G. 3.—Comparison of the isophotes measured in the present survey with those observed by Reber 


and with the isophotes of integrated starlight. 


(a) shows the isophotes of absolute intensity observed at 158-5 Mc/s with a 2° beam (degrees K). 

(b) shows the isophotes of relative intensity observed by Reber (§) at 160 Mc)s using a 12° beam. 
The isophotes are marked in arbitrary units. Reber states that 1 unit=10~** watts/sq. cm./circular 
degree/Mc/s. Townes (16) has pointed out that this value is too great by a factor of about 3:7. 
If this correction is applied, and the units are converted to the equivalent black-body temperature 
then 1 unit=120 deg. K. 

(c) shows the isophotes of integrated starlight drawn by enlarging part of a diagram given by 
Roach and Pettit (15). The isophotes are calibrated in the equivalent number of 10th visual 
magnitude stars per square degree. 

Ordinates: Galactic latitude. 
Abscissae: Galactic longitude. 
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(c) Comparison of the results with a survey by Reber.—Fig. 3(6) shows a 
survey made at 160 Mc/s by Reber (5). ‘The general shape of the isophotes 
agrees well with those given by the present work and the differences between 
the two maps appear to be due largely to the difference in the widths of the aerial 
beams used. Thus Reber used a beam about 12° wide, while the present survey 
was made with a beam of 2°. The apparent width of the Milky Way appears at 
first sight to be different in the two surveys; however, when the scale and the 
zero of Reber’s units are corrected as discussed below, it is found that there 
is no significant difference in the variation of intensity with galactic latitude over 
the range b= + 10°. 

The greater resolution of the present survey shows that the maximum at 
1=8o0°, b=0° is almost entirely due to the localized source Cassiopeia I. ‘The 
maximum shown by Reber between /=35° and /=56° is shown to contain at 
least three sources. A close inspection of his records shows that the contours 
are in fact consistent with the existence of these sources. In particular it may be 
noted that the presence of source No. 3 is indicated by an irregularity in Reber’s 
contours at the appropriate position. The pronounced “arm” in the Cygnus 
region which was mentioned in Section 6(4) is also shown in Reber’s results. 

Both sets of contours show that the intensity remains fairly constant along 
the galactic plane between /=go0° and/=110°. Between /=110° and /=135 the 
two contour systems differ, but it appears that this may be largely due to the 
increased resolution used in the present survey, which has enabled the localized 
sources in this region to be delineated. 

A quantitative comparison between the two surveys can be made by 
converting Reber’s results to effective aerial temperatures. ‘The units given in 
Fig. 3() are not the original units given by Reber but have been obtained by 
dividing his units by a factor of 3-7. This correction factor was suggested by 
‘Townes (16), who pointed out that Reber had underestimated the beam width 
of his aerial. A comparison of the corrected results with those of the present 
survey shows reasonable agreement between the relative temperatures of 
corresponding isophotes. 

A comparison of the absolute intensities given by the two surveys is not 
possible since Reber did not measure the absolute temperature at any point. 
Furthermore his method of obtaining a zero level for each record restricts his 
contours to showing only the changes of intensity between points in a narrow 
strip on either side of the galactic plane. From the results of the present survey 
it appears that his isophotes can be converted to show absolute temperatures 
by adding to his units a figure of 1-6, which corresponds to about 200 deg. K. 
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Summary 


A survey has been made of the radio emission from a limited region of the 
Northern Hemisphere using a pencil beam 2° wide at a wave-length of 1-89 m. 
The coordinates and intensities of 23 localized sources have been measured. 
Their distribution shows a marked concentration of the intense sources around 
the galactic plane. The distribution of the weaker sources cannot be inferred 
from the survey, but from the results of other surveys it is believed that their 
distribution is more nearly isotropic. It is concluded that the intense sources 
represent a class of rare objects in the Galaxy which lie close to the galactic 
plane. ‘The data at present available are not sufficient to decide whether the 
weak sources also lie inside the Galaxy; however, there is some evidence to 
show that a number of these sources are extra-galactic. 





1. Introduction.—A survey of the intensity of extra-terrestrial radio emissions 
has been made over a limited region of the Northern Hemisphere by means of 


the large paraboloid at the Jodrell Bank Experimental Station working on a 
wave-length of 1-89 m, as described in the previous paper (1). ‘This communication 
presents the data on all the localized sources found during the survey. 

The positions and intensities of more than one hundred sources have been 
given by Stanley and Slee (2), by Ryle, Smith and Elsmore (3) and by Mills (4). 
These three surveys have been made with interferometers working on wave-lengths 
of 3 m, 3°7 m, and 3 m, respectively. By comparison with these interferometric 
observations the present survey has been restricted to a small area of sky (between 
declinations + 38° and + 68°) and in consequence deals with fewer sources. The 
results have been obtained by means of a narrow pencil beam with a width of 
2° between half-power points; and it is therefore valuable to compare the 
results of the present survey with those obtained for the same region by observers 
using interferometers. 

2. Method of observation.—The apparatus used in this survey has been 
described in previous papers (1, 5). ‘The presence of a localized source was 
detected as a rise in the intensity recorded over a period of right ascension 
approximately equal to the time of transit of a point source through the aerial 
beam. Fig. 1 shows a typical record from which the presence of a source at 
R.A. 04" 57™ can be inferred. ‘The source shown is No. 9 in Table I and has 
an intensity of about 80 x 10-°6 watt m-? (c/s)"!. 

The right ascension of any source was found by observing the time at which 
the maximum intensity was received. ‘The declination of the source was 
determined from records of its transit with the aerial beam at a number of different 
elevations. 
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The intensity of the source was found by extrapolating the background 
radiation over the period of transit, and by measuring the maximum rise in 
intensity above this background. If the gradient of background radiation is 
steep this method is liable to considerable errors, and in fact the gradient near 
the galactic equator makes the observation of weak sources in that region very 
difficult. 

3. Results.—'Table I gives the data on 23 sources found in the course of the 
present survey. Up to the present date about 60 per cent of the field of view of 
the paraboloid has been surveyed with a sensitivity such that it is possible to 
detect sources of intensity greater than 20 to 30 x 10-** watt m™* (c/s)! on a 
single record. By averaging several independent records the sensitivity has been 
increased in selected areas to allow the detection of sources as weak as 
5 x 10°*6 watt m™* (c/s)"!. However, this averaging process is slow and it has 
not yet been possible to apply it to the whole of the region. It has been applied 
only to a few small areas around the positions of certain bright extra-galactic 
nebulae, and sources Nos. 4, 13, 15 and 17* have been found in this way. These 
five sources therefore represent an extremely limited and arbitrary selection from 
the total number of faint sources in the region, and it is to be expected that an 
extension of the averaging process to the whole region would reveal a very large 
number of such sources. 








05.30 05.00 04.30 


Fic. 1.—Facsimile of a single record of the transit of source No. 9 (see Table 1) taken 7: 
the aerial beam directed to declination + 46° 10’. 


#t 


Ordinates: Intensity in arbitrary units. 
Abscissae: Right ascension (1 division=2"™), 


A striking feature of the results given in Table I is the large number of intense 
sources which lie near the galactic plane. Of the thirteen most intense sources 
( >50 x 10°*6 watt m™ (c/s)"!) ten lie within +5° of the galactic plane. The 
area of sky which has been surveyed within +5° of the galactic plane is about 
1 000 sq. degrees while the area surveyed outside this strip exceeds 3 000 sq. degrees. 
‘The observations therefore indicate a strong concentration of the intense sources 
in a narrow strip near the galactic plane. This result cannot be attributed to 
the effects of observational selection, which will in fact tend to mask such a 
concentration. Thus, not only is it difficult to detect sources in the presence of 
the gradient of the background radiation near the plane, but in addition the 
intense sources in Cassiopeia and Cygnus can obscure other intense sources in 
their neighbourhood. 


* No system of numbering the radio sources is, as yet, generally accepted. In order to avoid 
further confusion in notation the sources in Table I have simply been numbered from 1 to 23 in order 


of right ascension. 
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The distribution of the faint sources cannot be inferred from ‘Table I, for 
not only have the high-sensitivity surveys been restricted to small selected areas, 
but also the faint sources in the galactic plane are masked by the radiation from 
the intense sources. 

Source No. 2 has been shown (5) to have an angular diameter of the order 
of 2°. Source No. 20 also appears to have a large angular diameter ; although the 
isophotes have not yet been analysed in detail it appears that it must extend over 
several degrees. The diameters of the remaining sources in Table I are too small 
to be measured with the present beam and must therefore be less than about 30’. 

4. Comparison with other surveys. (a) Comparison of the positions of individual 
sources. —'The two most recent surveys of the localized sources have been made 
by Ryle, Smith and Elsmore (3) (referred to as survey I) and by Mills (4) 
(referred to as survey I1). Both surveys were carried out using interferometers, 
survey | at a wave-length of 3-7 m and survey II at a wave-length of 3 m. 
Survey | covered the whole field of view of the 218 ft. paraboloid, while survey II, 
which was carried out in the Southern Hemisphere, covered only a fraction of 
the field. 

The lists of sources given in surveys I and II have been compared with those 
listed in Table 1. In the comparison attention has been confined to sources which 
would be expected to have an intensity greater than 20 x 10°*® watt m-? (¢c/s)"! 
at 1-°8gm, since the present survey is not complete below this limit. 
A comparison of the intensities of sources common to the surveys is made in 
Section 4 (6) and suggests that an intensity of 20 x 10°*6 watt m™ (c/s)! in 
Table I corresponds roughly to an intensity of about 50 x 10°*6 watt m-? (c/s)! 
in survey I and 100 x 10°*8 watt m-® (c/s)! in survey II. 

The results of the comparison show that of the 50 sources listed in survey I, 
27 lie within the field of view of the 218 ft. paraboloid, but of these only 8 have 
an intensity greater than 50 x 10°°6 watt m™* (c/s)! at 3-7 m. Of these eight 
sources, six agree within the limits of experimental error with the positions of 
sources in 'T'able I, while two agree in one coordinate and differ by less than 1°-5 
in the other coordinate. In addition, the positions of two of the weaker sources 
agree within the limits of experimental error with sources found in the present 
survey. 

Of the 77 sources listed in survey II, 8 lie in the area covered by the present 
survey, 7 of these being more intense than 100 x 10°*6 watt m™* (c/s)? at a 
wave-length of 3m. Of these seven sources, four agree within the limits of 
experimental error with sources in ‘Table I and one (No. 0g + 4) differs by less 
than 3° from source No. 12. No sources have been detected in the positions 
given in survey II for sources Nos. 05 +4 and 11+5. 

‘Thus of the fifteen intense sources listed in surveys I and II which lie in the 
field of view of the 218 ft. paraboloid it is possible to correlate thirteen with 
sources in Table 1; two do not appear to have been detected. 

If the comparison between the surveys is now reversed, and surveys I and I] 
are examined for the intense sources listed in Table I, the agreement is less 
satisfactory. Thus of the thirteen most intense sources in ‘Table | 
(I >50 x 10°*® watt m-*(c/s)"') only four can be found in the interferometer 
surveys. ‘The majority of these sources lie either outside or on the edge of the 
area covered by survey II, but they have all been covered in survey I. The 
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outstanding sources omitted from the list of survey I are Nos. 1, 3, 7, 9, LO, 20, 
21 and 22. Reasons for believing these sources to be genuine and not spurious 
effects due to side lobes have been given in an earlier paper (1). Of these sources 
Nos. I, 20, 21, 22 are situated close to the intense sources of Cygnus and 
Cassiopeia and may therefore have been overlooked because of the difficulty in 
resolving them from these sources. Source No. 10 may have been obscured by 
the intense source in Taurus (survey I No. 15.01) which is at approximately the 
same right ascension, but there appear to be no intense sources which could 
have obscured Nos. 3, 7 and 9. 

It is possible that these three sources have angular diameters greater than the 
resolution of the interferometer and this may account for their omission from 
the survey, but at present there is no evidence to support this explanation. 
Alternatively they may have a spectrum which permits them to be detected at 
1-89 m but not at 3-7 m. However, this seems unlikely, for all measurements (2) 
so far available indicate that the intensity of the localized sources increases with 
wave-length over the above range (see Section 4 (b)). Hence there is no 
satisfactory explanation of the omission of sources Nos. 3, 7 and 9 from survey I, 
and it is clear that before any definite conclusions can be reached some 
confirmatory measurements must be made with alternative apparatus. 

It is of interest to compare directly surveys I and II. In the area of sky 
common to both these surveys there are 37 sources listed in survey I and 35 in 
survey II. Comparison of these lists shows that the positions of only five sources 
agree within the limits of experimental error. ‘Three of these are the most intense 
sources common to both lists and are the well-known sources in Cygnus, 
Taurus and Virgo. ‘There are also certain regions of sky in which both surveys 
show a number of sources but with widely differing positions. Such a discrepancy 
may arise either because the two surveys are selecting different sources in the same 
region due to some instrumental limitation, or because of difficulties in 
interpreting the interferometer records—a possibility which has been suggested 
by Mills (4), who states that the “ position and intensity of the weaker sources 
(in fact even their existence in a few cases) is rather doubtful because of the 
previously mentioned difficulty with beating between interference patterns 
which sometimes results in a pattern with more than one possible interpretation’’. 

(b) Comparison of intensities. —Table II shows a comparison of the intensities 
of the stronger sources common to the surveys. Sources 17 and 13 in Table I, 
which may be identified with sources 13.01 and 10.03 in survey I, have not been 
included as their intensities are low and subject to considerable errors. Column 4 
of Table II shows that for all sources (except No. 2) the intensity observed at 
3°7 m is greater than that at 1-89 m. Source No. 2 has been identified (5) 
with the Great Nebula in Andromeda (M 31) and has a diameter of two to three 
degrees. ‘This diameter, which is large compared with the lobe spacing of the 
interferometer, may explain the low intensity measured in survey I. The ratio 
of intensity observed on the two wave-lengths for the remaining five sources 
suggests a spectrum of the form [=k 


The intensity quoted in survey II for Cygnus I (No. 19) is in reasonable 
agreement with that deduced from an extrapolation of the results at 1-89 m 
and 3°7m. For the other sources common to survey II and Table I the 

10* 
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intensities given by Mills are greater than would be expected if their spectra are 
similar to that of Cygnus I. The ratio of intensities given in column 3 is not 
constant but increases with decreasing intensity of the source, suggesting that 
for the weak sources the intensities given in survey II may have been over- 
estimated. This view is supported by a comparison of the intensities of the faint 
sources common to surveys I and II. In all cases the intensities given in survey II 
are greater than those given in survey I, a result which is at variance with any of 
the spectrum measurements which have so far been made. 


TABLE II 
Comparison of the intensities of the localized sources observed in three surveys 
Number of Intensity* at 1-89 m_ Ratio of intensity at 3 m__ Ratio of intensity at 3-7 m 
source (watt m-* (c/s)-! to intensity at 1°89m ___ to intensity at 1°89 m 
(see Table I) K 167") (from survey II) (from survey I) 
23 9250 éna 2°4 
19 5700 2°3 2°4 
2 160 oes 0°25 
65 37 


40 50 J 
40 ede 2s 
30 =P 1-7 
25 sas 
18 6-7 


2°4 
* The value of intensity is twice that observed in one plane of polarization. 


(c) Comparison of the distributions.—The results presented in Section 3 show 
a marked concentration of the intense sources around the galactic plane. This 
concentration has been noted independently by Mills (4) from the results of 
survey II, which covers the greater part of the Milky Way, including that region 
not visible with the 218 ft. paraboloid. From an analysis of his observations 
Mills concluded that two main classes of sources exist. The stronger sources, 
which he refers to as class I, show a high degree of galactic concentration, whilst 
the weaker sources, which he refers to as class II, are more or less randomly 
distributed. ‘The authors of survey I, however, conclude from their results that 
the distribution of sources is isotropic. As discussed in Section 4 (a), the majority 
of the sources near the galactic plane, found in the present survey, were not 
detected in survey I. However, an analysis of the results of survey I has been 
made by Westerhout and Oort (6) who point out that the number of sources 
observed in low galactic latitudes is greater than would be expected for an 
isotropic distribution. 

5. Analysis of distribution. (a) Distribution of the intense sources.—The high 
degree of concentration of the intense sources around the galactic plane, shown 
in Fig. 2, can be explained by assuming that they are distributed throughout a 
thin disk-shaped region close to the galactic plane. Their distribution thus 
appears to resemble that of the O- and early B-type stars (population 1). 
Following Mills (4) these intense radio sources will be referred to as class I sources. 
In the analysis of the distribution given below, only those sources within + 10° 
of the galactic plane have been assumed to belong to class I. ‘This omits from 
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the analysis the intense sources Nos. 2,6 and 10. This omission of Nos. 2 and 6 
is justified in Section 6 (6), where it is shown they are probably extra-galactic. 
The inclusion of source No. 10 in the analysis would not materially alter the 
conclusions. 

If it is assumed that the class I sources lie at distances from the galactic plane 
similar to those of the O- and B-type stars, then it is possible to deduce 
approximate values for their space density and absolute magnitude. In deriving 
the values given below it has been assumed, for simplicity, that the sources are 
distributed uniformly throughout the narrow strip near the plane and that all 
have the same absolute magnitude. ‘The majority of the sources have an intensity 
within the narrow range 50 x 10°* to 200 x 10°°8 watt m* (c/s)! and they may 
therefore be considered to lie approximately at the same distance. ‘The mean 




















130 120 110 100 90 


The distribution of the intense sources (I>50x10~** watt m~* (c/s)“!). The 
broken lines represent the boundaries of the area surveyed. 


Ordinates: Galactic latitude. 
Abscissae: Galactic longitude. 


angular displacement of this group of sources from the galactic plane is about 23°, 
and if their mean distance from the plane is assumed to be about 50 parsecs then 
it follows they must lie at approximately 1000 parsecs from the Sun. It also 
follows that the mean absolute intensity («) of the sources is about 10! watt 
steradian'! (c/s)! and that their mean space density (p) is of the order 
5 x 10-8 sources/parsec*®. ‘This space density corresponds to a mean separation 
between the sources of about 300 parsecs. 

It can be shown that on the simple model discussed above the average 
effective temperature observed over a region of the galactic plane is given by 


.. ‘ 
r= aR PR deg. K, (1) 


where R is the extent of the Galaxy in that region. Substituting the values of 
« and p deduced above, 
T=10~ R deg. K, 
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where R is expressed in parsecs. Taking the value of R towards the centre of 
the Galaxy as 25000 parsecs and towards the anti-centre as 5000 parsecs :— 


T (centre)=250 deg. K*, 
T (anti-centre)==50 deg. K. 


It is therefore to be expected that the total radiation from the class I sources 
should give rise to a strip of increased intensity a few degrees wide in the galactic 
plane. While the present observations with a 2° beam have resolved a substantial 
fraction of this radiation towards the anti-centre into individual sources, it is to 
be expected that.towards the centre it would appear as a continuous band. It is 
of interest to note that Ryle and Scheuer (7) have recently reported the detection 
of a narrow band of intense radiation in the galactic plane and in a direction 
close to the galactic centre. ‘They attribute this radiation to ionized interstellar 
hydrogen. If the calculations presented above are correct it is possible that a 
significant fraction of the radiation is due to class I sources. 

(6) Distribution of the weak sources.—As mentioned in Section 3, the results 
of the present survey cannot be used to decide the distribution of the weak sources. 
However, from an analysis of his survey Mills concludes that the distribution of 
the weak sources is more nearly isotropic than that of the intense sources. Such a 
distribution can mean either that they represent the nearest of a group of sources 
which are distributed densely in the Galaxy, or that they are the most intense of 
a set of powerful extra-galactic radiators. 

The former interpretation receives support from an analysis of the background 
radiation from the Galaxy. The intensity of this radiation cannot be explained 
in terms of the emission from ionized interstellar hydrogen; however, it has been 
shown (6) that the shape of the isophotes is consistent with the assumption that 
the radiation originates in a group of localized sources distributed throughout the 
Galaxy in a manner similar to that of the visible stars. It has been suggested 
that the observed localized sources (8) represent the most intense of such a 
group of sources. Although this is an attractive hypothesis there is as yet no 
direct evidence for an association of the resolved localized sources with the 
background radiation from the Galaxy. 

The alternative hypothesis, that the sources are extra-galactic radiators, will 
be discussed in detail in the following section. 

6. Discussion. (a) Identification of the sources.—Although the positions of 
about 150 sources are now known, it has been possible to identify only a few with 
visual objects and these identifications present a confusing picture. 


The class I sources 

The results given in Section 5 show that the class I sources probably represent 
a rare type of object which lies close to the galactic plane. ‘he high concentration 
of visual objects around the plane together with the presence of dark obscuring 


* In an analysis of his results Mills deduces a separation of about 1 000 parsecs between the class I 
sources and estimates the power received from the closest average source to be 5°6X 10~** watt 
m~*(c/s)-?. This power corresponds to an absolute intensity of 5-3 X 10'* watt steradian~' (c;s)~', 
which is rather greater than the absolute intensity given above. If his values of density and intensity 
(corrected for the difference in frequency between the two surveys) are substituted in equation (1) 
the calculated values of temperature show reasonable agreement with those given in the present 
paper. 
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clouds makes the identification of these objects difficult. However, recently the 
number of possibilities has been reduced by a measurement of the diameters of 
some of the intense sources (9). ‘The measurements show that the diameter ot 
Cassiopeia I is of the order of a few minutes of arc and it follows that if this source 
is typical of class I, then this class of source cannot be identified with bodies of 
stellar dimensions.* 

The position of source No. 1 agrees closely with that of the supernova of 1572, 
and it has been suggested (10) that the radio source may be identified with the 
remnant of this supernova. ‘This tentative identification supports an earlier 
identification (11) of a source in Taurus with the remnant of the supernova of 
1054 (the Crab Nebula). There is, however, no evidence that any of the 
remaining sources are associated with supernovae. 

Source No. 20 does not appear typical of the other sources which lie in the 
plane. Not only has it an apparent diameter of several degrees but it also appears 
to have an unusual spectrum. It has been suggested (12, 13) that this extended 
source represents the radiation from a spiral arm in the Galaxy which appears 
to lie in this direction. Piddington and Minnett (14) consider this unlikely and 
suggest that it may represent the radiation from a number of gas clouds near 
y Cygni. It has been pointed out} that if this latter explanation is correct, then 
comparable radiation should be observed from other regions of bright Hz emission 
and in particular from the Orion Nebula. No radiation has so far been detected 
from this nebula. 

Recently two most interesting suggestions (15) have been made as to possible 
identifications of the intense sources Cygnus I and Cassiopeia I. Photographs 
taken with the Hale telescope at Palomar have shown that in the positions of 


these sources there are two peculiar objects. In the position of Cassiopeia I 
there is an unusual nebulosity which appears to be in the Galaxy, while in the 
position of Cygnus I there appear to be two faint extra-galactic nebulae in collision. 
If the identification of Cygnus I with an extra-galactic object is verified, then its 
position close to the galactic plane is fortuitous, for it cannot be a member of the 
class I sources. 


The class II sources 


It has so far proved impossible to identify any of the class II sources with 
any class of object in the Galaxy. The only identifications which have been 
made are with extra-galactic objects. Four of the sources in Table I have been 
tentatively identified with bright spiral nebulae. The high proportion of sources 
associated with extra-galactic nebulae is not necessarily of any special significance, 
for all the sources involved were found in special surveys of the regions around 
the nebulae and would not otherwise have been detected. 

The intensities of the radiation observed from these nebulae are in good 
agreement with those to be expected if the nebulae radiate in a similar manner 
to the Galaxy. From an analysis of the results available it appears that the ratio 
of the radio flux to light flux is constant for late-type spirals and that the radio 


* The measurements also show that the diameter of Cygnus I is of the order of a minute of arc, 
but as mentioned later in the text it has been suggested that this source is extra-galactic and it has 
been considered preferable not to use this result as evidence for the size of the class I sources. 

+ The authors wish to acknowledge conversations with Dr J. L. Greenstein and Dr R. Minkowski. 
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The tormer interpretation receives support trom an analysis of the background 
radiation from the Galaxy. ‘The intensity of this radiation cannot be explained 
in terms of the emission from ionized interstellar hydrogen ; however, it has been 
shown (6) that the shape of the isophotes is consistent with the assumption that 
the radiation originates in a group of localized sources distributed throughout the 
Galaxy in a manner similar to that of the visible stars. It has been suggested 
that the observed localized sources (8) represent the most intense of such a 
group of sources. Although this is an attractive hypothesis there is as yet no 
direct evidence for an association of the resolved localized sources with the 
background radiation from the Galaxy. 

The alternative hypothesis, that the sources are extra-galactic radiators, will 
be discussed in detail in the following section. 

6. Discussion. (a) Identification of the sources.—Although the positions of 
about 150 sources are now known, it has been possible to identify only a few with 
visual objects and these identifications present a confusing picture. 


The class I sources 

The results given in Section 5 show that the class I sources probably represent 
a rare type of object which lies close to the galactic plane. ‘The high concentration 
of visual objects around the plane together with the presence of dark obscuring 


* In an analysis of his results Mills deduces a separation of about 1 000 parsecs between the class I 
sources and estimates the power received from the closest average source to be 5°6X 10~** watt 
m~*(c/s)-!. This power corresponds to an absolute intensity of 5-3 X 10'° watt steradian~' (c/s)~', 
which is rather greater than the absolute intensity given above. _ If his values of density and intensity 
(corrected for the difference in frequency between the two surveys) are substituted in equation (1) 
the calculated values of temperature show reasonable agreement with those given in the present 
paper. 
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number of possibilities has been reduced by a measurement of the diameters of 
some of the intense sources (9g). ‘The measurements show that the diameter of 
Cassiopeia I is of the order of a few minutes of arc and it follows that if this source 
is typical of class I, then this class of source cannot be identified with bodies of 
stellar dimensions.* 

The position of source No. 1 agrees closely with that of the supernova of 1572, 
and it has been suggested (10) that the radio source may be identified with the 
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ulentifications of the intense sources Cygnus | and Cassiopenm |. Photographs 
taken with the Hale telescope at Palomar have shown that m the positions of 
these sources there are two peculiar objects. In the position of Cassoper | 
there is an unusual nebulosity which appears to be in the Galaxy, while im the 
position of Cygnus I there appear to be two faint exira-galactic nebulae in collision 
If the identification of Cygnus I with an extra-galactic object is verified, then its 
position close to the galactic plane is fortuitous, for it cannot be a member of the 
class I sources. 


The class II sources 

It has so far proved impossible to identify any of the class II sources with 
any class of object in the Galaxy. The only identifications which have been 
made are with extra-galactic objects. Four of the sources in Table I have been 
tentatively identified with bright spiral nebulae. The high proportion of sources 
associated with extra-galactic nebulae is not necessarily of any special significance, 
for all the sources involved were found in special surveys of the regions around 
the nebulae and would not otherwise have been detected. 

The intensities of the radiation observed from these nebulae are in good 
agreement with those to be expected if the nebulae radiate in a similar manner 
to the Galaxy. From an analysis of the results available it appears that the ratio 
of the radio flux to light flux is constant for late-type spirals and that the radio 


* The measurements also show that the diameter of Cygnus I is of the order of a minute of arc, 
but as mentioned later in the text it has been suggested that this source is extra-galactic and it has 
been considered preferable not to use this result as evidence for the size of the class I sources. 

+ The authors wish to acknowledge conversations with Dr J. L. Greenstein and Dr R. Minkowski. 
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intensity corresponding to a photographic magnitude +10 is of the order 
5 x10 ~ watt m™® (c/s)? at 1-89 m. 

It has not yet been possible to investigate the dependence of the ratio of the 
radio flux to light flux on the type of nebula. There is, however, some evidence 
which shows that the ratio found for late-type spirals does not apply to all nebulae. 
‘Thus two of the sources in Table I lie close to the positions of clusters of nebulae. 
Source No. 6 lies close to the Perseus cluster (16) and source No. 14 is close to the 
position of the Ursa Major cluster No. 2. ‘The intensities from these sources are, 
however, greater than would be expected on the assumptions that the cluster 
nebulae radiate in a similar manner to the Sb- and Sc-type spirals and that the 
sources represent the integrated radiation from the nebulae in the clusters. The 
majority of the nebulae in the cluster are of type So and it is possible that the 
ratio of radio flux to light flux for them may be greater than that measured for 
late-type spirals. Alternatively it is possible that the excess radiation could be 
due to the presence in the cluster of one or more peculiar nebulae which are more 
powerful radio emitters than normal nebulae. ‘This suggestion receives support 
from the identification by Stanley and Slee (2) of the intense sources in Virgo 
and Centaurus with the peculiar nebulae NGC 4486 and NGC 5128. Furthermore 
an examination of the position of the Perseus cluster shows that it contains the 
peculiar nebula NGC 1275 (15). ‘This nebula appears to have some resemblance 
to the object provisionally identified with Cygnus I and it is therefore possible 
that it is the cause of the excess radiation from the Perseus cluster. So far no 
unusual object has been found in the position of the Ursa Major cluster No. 2. 

Measurements which have been made on the radio radiation associated with 
the irregularities in the distribution of extra-galactic nebulae (16) also suggest 
that the average ratio of radio flux to light flux for a large number of nebulae is 
greater than that found for individual nebulae. ‘This could be explained by 
assuming that among the extra-galactic nebulae there are a certain number of 
peculiar nebulae which have a ratio of radio flux to light flux which is far in 
excess of that measured for individual spirals. ‘The possible existence of these 
nebulae complicates the problem of deciding whether the class II sources are in 
the Galaxy or whether they are associated with extra-galactic objects. ‘Thus the 
poor correlation of the sources with the bright extra-galactic nebulae cannot now 
be taken to rule out their extra-galactic nature, for the visual objects may be 
exceedingly faint. However, if the majority of the sources are extra-galactic, 
it is to be expected that there will be a correlation between their positions and 
concentrations of extra-galactic nebulae. Inspection of the positions of the 
radio sources given by Ryle et al. (3) and by Mills (4) shows that there is a rough 
correlation between the distribution of these sources and the extra-galactic 
nebulae. In particular a number of sources lie in the Ursa Major region which 
is especially rich in nebulae. Mills has also noted a “tendency for the positions 
of the stronger sources to occur in the direction of the clusters of galaxies’’. 
These observations lend support to the idea that a large number of the class II 
sources lie outside the Galaxy, but the evidence is weak and a definite conclusion 
must await further observations. 
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ON THE DISTRIBUTION OF MASS AND LUMINOSITY IN 
ELLIPTICAL GALAXIES 


G. de Vaucouleurs 
(Received 1952 December 29)* 


Summary 

The available evidence concerning the luminosity distribution in elliptical 
nebulae is summarized. 

A model of a globular galaxy is presented which is in agreement with 
and accounts for this luminosity distribution and other known properties 
of the elliptical nebulae. ‘This model is characterized by an average 
mass/luminosity ratio f=50 attributed to a great abundance of very faint 
red dwarfs. It is based also on the assumption of quasi-isothermal 
equilibrium (bounded gas sphere approximation) with equipartition of 
energy between stars of various masses, and takes into account the 
mass-luminosity relation. 

Density curves are derived for photographic luminosity, colour index, 
mass and number of stars in the projected image of the model as well as 
the corresponding space densities in the galaxy. These are supported by 
available data and suggest further observations. 

Some other features of the model (velocity dispersion, potential) are 
outlined and its relations with Belzer, Gamow and Keller’s approach are 
briefly discussed. 





The distribution of luminosity in elliptical nebulae is almost the only 
observational evidence (with the exception of the rotational velocity for edgewise 
systems) about the structure and dynamics of this class of galaxies. + 

In the present paper we shall first briefly review the available evidence 
concerning the luminosity distribution law in elliptical nebulae in general. 
Then a model of a globular galaxy will be presented which accounts for it and 
other known properties of elliptical nebulae. This model is based on Emden’s 
isothermal gas sphere (1) as modified by Hubble (2) and Zwicky (3) (the bounded 
gas sphere approximation), but it introduces further the diversity of stellar 
masses (equipartition of energy) and the corresponding relationships (spectral 
types, mass-luminosity relation). It also agrees with the properties of Type I] 
stellar systems, in so far as they are known (H—R diagram, mass/luminosity ratio, 
luminosity function). 

1. Observed luminosity curves.—Detailed data on the luminosity distribution 
in elliptical nebulae have been published by Hubble (2), Reynolds (4), Redman (5), 
Redman and Shirley (6), Oort (7), de Vaucouleurs (8) and Evans (9). 

Comparisons are possible for only a few nebulae owing to the very small 
number of common objects (8, 10). Nevertheless such comparisons give fairly 
consistent results which have been used as a basis for deriving provisional 
‘most probable” luminosity profiles for five well-observed nebulae: NGC 221, 
3115, 3379, 4494, 4649 (see Table I). 

* Received in original form 1952 September 22. 
+ Throughout this paper the word ‘‘ nebula”’ will be used to refer to the two-dimensional image 


as seen projected on the sky or the plate, and the word “‘ galaxy”’ to refer to the three-dimensional 
object in space. 
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It has been shown (8, x1) that physically significant dimensions can be 
calculated for the nebulae with the help of the observed luminosity curves. 
These are ‘effective’? dimensions which have been defined as the major and 
minor diameters of the isophote inside which is half the total luminosity of the 
nebula, the latter being estimated following a procedure introduced by Redman (5). 

Except possibly for the most elongated objects (E6, E7) the departures of the 
actual isophotes from ellipses are very small (2). No great error is introduced 
then by assuming the isophotes to be ellipses, especially for the less elongated 
objects (8). Let a,, b, be the semi-major and semi-minor axes of the elliptical 
isophote along which the surface brightness is B;; then the total luminosity of 
the nebula is “ ms 

Ly= 724,418.41 — 45,) Bi 4112 =72P.. (1) 
0 


=P, is computed as the sum of two terms: 
0 


(a) the total luminosity UP, of the recorded parts of the nebula down to the 
limit of the measurements, and 
(6) the luminosity \P in the outer parts below the threshold of the measure- 
ments, determined by extrapolation as shown by Redman (loc. cit.). 
The numerical integration which gives L, gives also immediately the value 
of the fraction o 
k,=L,/Lp==P,/=P, ( 

0 
of the total luminosity which is emitted inside any particular isophote. ‘Then 
the ‘‘etfective’’ semi-diameters a,, 6, (or radius r, for a circular nebula) can be 
read off on the curve obtained by plotting k, as a function of r for k =0-50 (8, 11). 

While the minor axis depends on the inclination of the equatorial plane of 
the galaxy on the line of sight, the major axis is independent of it (assuming 
circular symmetry in the equatorial plane) and can therefore be used as a 
significant and reliable measure of the dimensions of the nebula. 

Now r, (or a@,) and the corresponding surface brightness B, make it possible 
to deduce from the observed luminosity curve log,,) B = f(a) the reduced luminosity 
curve log,,5 4 =/(z), 

2=B B, being the reduced luminosity, and 

%~=aa, the reduced ‘ radius” 
isophote. 


2) 


se 


or semi-major axis of the corresponding 


Table I gives the results of such a calculation for our five nebulae, along 
with the total photographic magnitude my, the effective semi-major axis a, (in 
seconds of arc) and the corresponding effective surface brightness B, (in mag./sec’). 

The striking fact which emerges is that within the limits of accuracy of the 
measurements all the elliptical nebulae have the same reduced luminosity curve, as 
can be appreciated from Fig. 1. The residuals are given on a much larger scale 
in Fig. 2. : 

The average deviations of the observed log,,4 from their mean values 
(10° € in Table I) are never larger than + 0-04 (=0-10 mag.), with a mean value 
of + 0-024 (=0-06 mag.) only. These are well within the observational errors. 

As was found earlier (8, 12) this reduced luminosity curve is very well fitted 
by an empirical formula of the form 


logig B= — A(a!4—1). (3) 
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Fic. 1.—Average reduced luminosity curve of elliptical nebulae. 

The dots give the averages of the reduced surface brightnesses measured along the major axis 
of five nebulae listed in Table I as a function of the fourth root of the reduced distance « to the centre. 
The straight line represents the empirical luminosity law expressed by relation (3). The crosses 
correspond to the approximate values deduced from the ‘‘ overall diameter’’ estimates of M 32 
collected in Table II which extend the relation to fainter limits. 
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Fic. 2.—Individual and average residuals of the observed ‘‘ reduced’? luminosities with respect 
to the empirical law (O-C,) and the theoretical law (O-C,). 

The distances r corresponding to various values of x for age=30" (e.g. M 32) are shown at the 
bottom. 


The data are accurate only between r=1" and r=2'+. 
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This can be judged from the O-C, in Table I (C, computed with A = 3-25) which 
are everywhere less than + 0-03 with a mean value of only + 0-018 (=0-045 mag.). 
It is therefore convenient to plot the data as a function of «!4 as in Figs. 1 and 2.* 

It is of importance to ascertain how far beyond the limits within which it has 
been directly established the law of luminosity distribution expressed by 
formula (3) extends. ‘This can be done by consideration of the so-called 
‘“‘maximum dimensions” attributed to elliptical nebulae. 

As is now well known, no definite physical boundary has ever been observed 
for an elliptical nebula; the practical limits are only set by the threshold sensitivity 
of the instrumental equipment and the brightness of the sky background. As a 
consequence the “maximum diameter’’ estimates of elliptical nebulae have 
continually grown as measuring techniques improved. As an example the 
evidence to date for M 32 is given in Table II. 

The column B, gives the surface brightness corresponding to « as computed 
with formula (3) and the data of Table I for a, and B,; By, is the estimated 
threshold surface brightness. 

It can be seen that the threshold brightness, which was roughly equal to that 
of the night sky 25 years ago, has been reduced since by a factor larger than 100, 
thanks to the improvement in measuring techniques; and accordingly the overall 
diameter has grown by a factor of 7. Further progress will no doubt become 
possible by a careful selection of the wave-length bands, the focal ratio of the 
telescope, the granularity of the plate, the scale of the microphotometer tracings, 
and so on. 

Nevertheless, as it stands, Table II shows that the validity of formula (3) 
extends well beyond the limits («~4) within which it had been directly 
established. This results from a comparison of the last two columns, which give 
the surface brightness B, as computed from formula (3) and the threshold values 
By, quoted by—or estimated from the data of—various observers. ‘These last 
values are shown by the crosses near the bottom of Fig. 1. 

It appears that the empirical luminosity law holds at least from « =0-03 up 
to %=15 or 20 (ratio ~500) which corresponds to a range in surface brightness 
larger than 100000 to I (more than 13 magnitudes). 

It seems therefore safe to state that, so far, there is no observational evidence 
for the existence of any physical boundary at least up to « = 15 or 20 and it does 
not seem unreasonable to assume that the empirical luminosity law still holds 
at much larger distances. At any rate it gives, within the specified range, 
a convenient representation of the luminosity distribution which any theoretical 
model of an elliptical galaxy must endeavour to explain. 

2. A model of a globular galaxy.—The luminosity distribution in elliptical 
nebulae has been compared by Hubble (2) with that of the projected mass-density 
distribution in the image of an isothermal gas sphere ft ; the agreement is rather 
poor. ‘This was, of course, to be expected; a model with infinite mass and 
radius can hardly approximate to a real system. 

Hubble found a better agreement with the projected densities of a bounded 
gas sphere derived from the isothermal model by subtracting a constant from 





* The question of the representation of the luminosity law by empirical formulae and their 
applications will be discussed in a separate paper. 

+ For tables of the space density distribution in the isothermal sphere, see, besides Emden (1), 
Eddington (13, p. 90) and Chandrasekhar (14, p. 234). 
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the projected densities for the unbounded sphere; the constant being the 
projected density in the isothermal model at a distance equal to the radius of the 
bounded sphere, so selected as to obtain the best fit with the observed luminosity 
curve. 

However, the limiting radius selected by Hubble (r,=101 in Emden’s 
notation; 7,/a=34 in Hubble’s notation) is much smaller than the newly 
recognized extension of the nebulae and this simple procedure is no longer 
sufficient to obtain agreement with the improved and more extensive data now 
at hand. 

The fundamental assumption underlying this procedure is that there is a 
straightforward relationship between mass and luminosity with a constant 
conversion factor throughout the nebula, i.e. that luminosity is a measure of mass. 
Further, it is supposed that the galaxy may be approximated by a system of 
particles of equal masses. ‘There is little doubt that these two assumptions, 
which were also used by Belzer, Gamow and Keller (15), cannot be accepted even 
as a rough first approximation. 

That there is little (if any) resemblance between mass and light distributions 
in stellar systems seems to have been made quite clear by the studies of Oort 
on NGC 3115 (7) and of Babcock, Wyse, Mayall and Aller on M31 and 
M 33 (16); in this latter case, however, the influence of interstellar matter 
introduces a further complication. ‘These studies have established that the 
f{=mass/luminosity ratio increases steadily and sharply from the nucleus 
outwards in these systems and its mean value (f=50 or more) points to a large 
amount of non-luminous or only faintly luminous matter. 

On the other hand, Stebbins and Whitford’s six-colour studies of a number 
of nebulae (17) have made it plain that elliptical (as well as spiral) galaxies are 
made up of a mixture of stars of various masses (and colours) contributing to 
the observed luminosities in amounts which vary with the spectral region 
considered. Indeed, this is what had been predicted by Whipple (18). 

It seems therefore reasonable to try to match the observed luminosity 
distribution in elliptical nebulae by that of a model globular galaxy based on the 
bounded gas sphere approximation, but taking into account the dispersion of 
masses and therefore of space distributions (equipartition of energy) and 
photographic luminosities (mass-luminosity relation). 

For a simplified first approximation let us then consider a schematic model 
of a globular galaxy made up of a mixture of six stellar populations defined as 
shown in Table III. 

This model has the following properties : 

(a) It is in agreement with what little is known of the H-R diagram of a 
population II and with the mass-luminosity relation (both corrected for 
photographic luminosities). 

The H-R diagram (Fig. 3 (a)) is based for its brighter part on Baade’s 
diagram (19g) and its faint branch is in agreement with some data on the early 
M sub-dwarts by Joy (20) and on the late M sub-dwarfs by Eggen (21). 

The mass-luminosity relation is based on the data collected by Baize (22) 
with the bolometric corrections applied backwards and corrected further for 
photographic luminosities with the help of Eggen’s values (21) for the colour 
index of the late-type dwarfs. It has been assumed that for a given mass the 
sub-dwarfs are slightly fainter than the regular dwarfs and the observed data 
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linearly extrapolated beyond M,,=+15. At any rate, with the rough division 
of stellar masses used here the accuracy of the data on the faint end of the 
H-R diagram does not matter very much. Its main role is to supply the mass 
necessary to account for the high f-ratios. 

(6) The luminosity function (Fig. 3 (4)) is, of course, largely speculative. 
However, the bright end is fairly well defined by the luminosity curve in globular 
clusters (23), which exhibits the well-known secondary maximum near M,, =0.* 
The faint end is controlled by the abundance of the very faint red dwarfs 
(sub-dwarfs) necessary to account for the large mass/luminosity ratio 
-—2 0 2 ¢ 6 8 0 f2 t % 18 2 22 
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Fic. 3.— Stellar population in the model of a globular galaxy. 
(a) H-R diagram for photovisual (dotted line) and photographic (full line) luminosities. 
(6) Luminosity function for photographic luminosities; the dotted line is inserted only to 
emphasize the secondary maximum near Mpg=o and the “‘ hump”? on the curve near Mpg=s. 


(c) Contribution to the total photographic light of the stars in the various magnitude intervals. 
Note the sharp maximum for stars slightly fainter than the Sun and also the negligible amount 
contributed by the intrinsically very faint stars despite their great numbers. 











characteristic of population II systems (see paragraph (e) below and Table IV). 
The cut-off was placed at M,,=22+(M, .=16+) on the basis of available 
evidence (24) and of an extrapolation of the mass-luminosity relation down to 

the assumed lower limit of stellar masses, about 0-05Mo (25). 
(c) The mean spectral type of the model, derived from the mean absolute 
magnitude in the stellar population, is about dG5, corresponding to M,,= +5°8 
* This is obviously due to the fact that, in this region, the giant branch is seen ‘‘ end-on”’, as 


it were. The slight ‘“‘ hump” on the curve near M= +5 is due to a similar phenomenon connected 
with the maximum of the slope of the main sequence in that region (Fig. 3 (0)). 
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(Fig. 3 (c)). This is in agreement with the observed mean spectral type of 
elliptical nebulae, viz. dG4 according to Humason (26). According to Eggen’s 
data (21) on the colours, luminosities and spectra of sub-dwarfs, the spectral type 
corresponding to M,,= +5°8 on the Mount Wilson system would be dG3, also 
in very good agreement. 

(d) The average colour index computed on the basis of both the photographic 
and photovisual luminosities (Table III, columns 9 and 13) is C= +0-79 mag. 
in perfect agreement with the mean value observed in elliptical nebulae 
unaffected by red-shifts or interstellar absorption, viz. C= + 0-79 mag. according 
to Stebbins and Whitford’s data (17). This latter value is the observed value 
‘at rest’”’ C= + 0-84, corrected for selective absorption in our Galaxy taken as 
0-05 mag. (total absorption 0-25 mag.; ratio of total to selective absorption 
about 5). 

The corresponding value of the colour-excess (defined as the difference 
between the observed colour and the colour corresponding to the average 
spectral type) is about +0-18 mag., also in agreement with Stebbins and 
Whitford’s observed value (27). Actually with the colour system used here 
(Table III, column 8) the colour index corresponding to M,,=+5-8 is 
+0°63 (dG5) or +059 (sdG5), giving a colour-excess of +0-16 or +0-20 mag. 
See also Section 3 (c) below. 

(e) The mean mass/luminosity ratio, f= 50, is of the right order of magnitude 
for population II systems as shown by the data collected in Table IV. 

There is a clearly indicated increase of the average f-ratios along the sequence 
of classification from about f=5 (or less) for a pure population I to about f=50 
(or more) for a pure population II. It seems that a large abundance of extremely 
faint red and infra-red dwarfs should be recognized as a characteristic feature of 
population II systems; their presence does not change the photometric and 
spectral properties, but it seems to be the only way to account for the large 

f-factors (ruling out improbably large amounts of invisible interstellar material). 
The accepted ratio f=50 is about the minimum permissible value for such 
systems. 

Now we shall assume such a system to be in quasi-isothermal equilibrium 
under its own gravitational field with (approximate) equipartition of energy 
between the stellar populations of different masses. 

Two remarks may be made at this stage. First, it may not be necessary to 
assume that globular galaxies are actually in statistical equilibrium throughout 
for the three components of the velocities, i.e. that the velocities are randomly 
and spherically distributed. As was suggested by Belzer, Gamow and Keller (15), 
statistical equilibrium may have been (approximately) achieved for the radial 
components of the velocities only, with perhaps some measure of equipartition 
for the other components. This is probably all that is required to account for 
the empirical data, at least for the globular galaxies. 

Second, time-scale difficulties may be raised. However, it may be that if 
statistical equilibrium obtains only for the radial component of the velocities this 
result might have been achieved (to the limited extent indicated by the bounded 
gas-sphere approximation) within a lapse of time compatible with the short 
time scale (if it is accepted at all). Perhaps it could even be supposed that 
isothermal equilibrium was established in a comparatively short time before the 
stars began to condense out of the (hypothetical) primordial gas postulated by 
Belzer, Gamow and Keller (15). 
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At any rate we shall accept here as our basic assumption that elliptical galaxies 
have somehow reached a state of quasi-isothermal equilibrium. 

Now in the case of strict isothermal equilibrium it can be shown (28) that 
the following relation holds between the radial distribution laws of stars of 
masses M, and M, 

log) P(7, M,) =const. + o log.) P(r, M,), (4) 
1 
where ® is the space density at distance r from the centre. When log) )® is 
plotted against 7, the slopes of the curves relating to different stellar masses are 
in the ratio of the masses. In other words the stellar density for stars of mass M 
will be reduced to a given fraction of the central density at a distance r=R Wt 
from the centre of the system given approximately by 


Ry =R|M, (5) 


R, being the distance at which the density in stars of unit mass is reduced in the 
same ratio. 

In the case of the bounded gas sphere, in which there are stars of different 
mass, a decision has to be made whether the boundary radius beyond which there 
are no further stars is the same for all masses, or whether the cut-off is placed 
at a radius inversely proportional to the mass, as might be suggested by 
equation (5). In default of a valid physical criterion the second of these courses 
has been adopted, as it facilitates the computations, only one standard density 
curve being required. 

The resulting model is not greatly affected by this choice, because, if the 
limiting radii R, were made proportional to the masses (constant R), the main 
change would be a small reduction in the predicted amplitude of variation of the 
mass/luminosity ratio (and associated properties) as a function of r (see Section 3) ; 
but the main characteristic properties would be retained. 

Equation (5) leads under these circumstances to the values given in Table III, 
column 14, for the limiting radii of the “bounded” spheres occupied by each 
component of the population. The value R,=100 (as before with Emden’s 
units) has been taken for the limiting radius for #=1; preliminary calculations 
based on other values of R, (75 to 125) have shown that this choice is not very 
critical. It being practically the value used by Hubble (7, =101) (2), his data 
for the projected densities ¢(r) of the bounded gas sphere have been adopted. 

However, since, physically, there cannot be a sharp boundary to the spheres, 
the outer regions of the curves obtained by plotting log,) ¢ as a function of r'* 
have been extrapolated by straight lines (from r!* =7 + outwards) as shown in 
Fig. 4. This avoids the occurrence of irregularities in the curve obtained by 
adding the contributions of the various components of the stellar population ; 
in support of this approximation it may be said that it gives an approximately 
correct value for the slope of the luminosity curve of the nebulae in the outermost 
regions («>10+). Incidentally it reduces somewhat the effect of excessive 
segregation introduced by taking a constant R, in (5), as discussed above. 

No detailed theoretical justification is offered for the adopted modification of 
the ideal isothermal distribution; a justification in general terms has already 
been given by Zwicky (3). Also some polytrope of high index could probably 
be found which would give a density curve approximating the adopted modified 
isothermal distribution, but the physical significance of the suitable index would 
probably be no more definite than that of the empirical procedure adopted here. 
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Thus the shape and the radial scale of the projected density curves ¢ (7, #) 
relating to each component of the population are completely defined. 

3. Projected densities—For the actual computation of the luminosity curve 
in the projected image of the model the maximum of each component curve is 
determined by the condition 


_ oR : 
anK y | M $(r, Mr dr =E( Fling)  =L ys (6) 


which defines the normalizing factor K 4 relating to the stars of mass #. 
Taking into account equation (5) this gives 


K gg = FOL 
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Fic. 4.—Luminosity distribution in the projected image of model. 


Distribution curves of the surface brightness contributed by the various components of the stellar 
population (dotted lines) and resulting luminosity curve of the model (full line). Note that stars 
of mass 2 and 4 contribute appreciably to the total surface brightness only in the central regions. 
The amount contributed by the less massive stars (4) is negligible, except in the outermost fringes 
not shown on the graph. 

The distances to the centre are expressed in “‘ effective’ 
(bottom). 


> units (top) and in Emden units 


This expresses that the integrated luminosity given by each component of the 
population is equal to the theoretical amount of (photographic) light derived in 
Table III, column 6, from the adopted luminosity function of the model 
(column 5) and the mass-luminosity relation (columns 3 and 4). 
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The constant K is further normalized by arbitrarily taking log,) A(o, 1) =o. 
The vertical displacement of each curve with respect to that relating to M=1 


A logo By =(logig Lia —logig L,;)—2 logig H (8) 


and the surface brightness contributed by each component of the population is 


is then 


logo # (| M) = 10g) Ar, 1) +A login B y- (9) 

Fig. 4 shows the total luminosity curve thus arrived at for the projected 
image of the model and its five components (the amount of light contributed by 
the less massive stars is negligible). The values are tabulated in Table V, column 3. 

The O-C given in Table I (line O-C,) and Fig. 2 show that the agreement 
between the theoretical luminosity law and the observed values is extremely good 
in the well-determined part of the curve. In fact the agreement with the 
observations is even better than that given by the empirical formula (3); the 
average deviation being +0-014 (=0-035 mag.) only for the theoretical law as 
against + 0-018 for the empirical one. 

For «<0-01 there is a large discrepancy between the empirical and theoretical 
luminosity laws; there is little doubt that the theoretical one gives a much better 
representation of the true luminosity distribution in the nuclear region. 

This is indicated by two observational data about M 32: 

(a) Direct visual observations by Smith (29) with the 1oo-inch telescope 
have shown a rather sharply defined nucleus having a radius of about 
0”:4 (%=0-015); this agrees well with the radius of the “ plateau”’ at the top of 
the theoretical luminosity curve in Fig. 4. It should be recalled in this connection 
that eye estimates correspond more or less to the logarithms of the brightnesses. 

(6) The total magnitude of the “ photographic” nucleus, estimated to be 
2” in diameter, is given as m, = 13-4 by Hubble (30); this corresponds roughly 
to an average surface brightness between r =o and r = 1” equal to 14-65 mag./sec”. 
These values can be compared with those deduced from the theoretical 
luminosity law (with B,=19:4 mag./sec?; see Table I), viz. for r=o, 
By=13°9 mag./sec” and for r=1", B,=14-65 mag./sec*. Also the integrated 
magnitude within r=1”" («=0-037) deduced from the theoretical reduced 
luminosity curve k=f(r) and with mp=8-9 is m,=13:0 mag. The fact that 
the observed values are slightly fainter than the theoretical ones was to be 
expected, since the central brightness as observed is reduced by the smoothing- 
down effect of the aberrations; the O-C difference of 0-4 mag. (or 0-16 in 
log,) B) is of the order of the correction necessary to remove this effect (e.g. a 
value of 0-18 in log,) B is quoted by Oort (7) for other Mt. Wilson plates). 

Therefore the agreement is as good as could be expected and well within 
the limit of accuracy of both the observational and theoretical data. 

This supports the assumption that the theoretical luminosity law holds right 
up to the centre. Its domain of validity extends then from «=0 tox=20+ (and 
probably more), i.e. covers the whole range of luminosities (over 15 magnitudes) 
for which approximate (% =0-00 to 0-03 and « =3 to 20+) or accurate (x =0-03 
to 3:0) observational data are available. 

Some other features of the model can be derived which can or could be 
submitted to observational tests. 

(a) The colour index increases from about +0-55 in the nucleus to about 
+ 1-4 in the outermost regions ; the computed variation is shown in Fig. 5. 
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This is not in contradiction to the approximate constancy of the colour index 
usually assumed for the main bodies of the nebulae, since the computed local 
colour index changes by about +10 per cent only between «=0-1 and «=1°5, 
i.e. would increase by 0-16 mag. only from r=3” tor = 45” in a nebula of a, = 30", 
like M 32. On the other hand, the average colour index within a circle of diameter 
2r would change by less than o-1 mag. from 2r=15” to 2r=150” in such a 
nebula. 

Very accurate differential colour measurements of the nucleus of M 32 and 
some other nearby elliptical nebulae with respect to their main bodies would 
provide a check for this property of the model and therefore for the assumption 
of equipartition of energy on which it rests.* 

(6) The spectral type would change accordingly from, say, dGo in the 
nucleus (y=1" + for a,=30") rapidly at first to dG4 (reached at r=4”"), then 
more slowly to dG7 (reached at r=35"), if the average spectral type within 
2r=70" is taken as dG5. The variation is also shown in Fig. 5. It is doubtful 
whether such changes could be detected on small-scale spectra. 
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Fic. 5.—Local and average colour index and spectral type in the projected image of the model. 
The upper curve shows the run of the local colour index as measured at the distance r from the 


nucleus. The lower curve shows the run of the mean colour index of the total light emitted within 
a circle of the same radius. The approximate spectral type is shown at the right. 





(c) The energy distribution has been computed for the integrated light of 
the model. As can be judged from Table VI, which gives the results of a rough 
calculation based on the black-body approximation, this distribution is in excellent 
agreement with Stebbins and Whitford’s six-colour data on M 32 (17). The 
results are expressed in a system similar to that used in Stebbins and Whitford’s 
paper (their Table I). 

The first half of the table gives the black-body spectral intensity J, and the 
resulting contributions FJ, to the total spectral intensity of the model at each 
wave-length; the F factors are those corresponding to each class of colour index 
according to Table III. The extreme classes have been neglected. 

The second half gives the sums S, of the FI, for each colour, their ratios 
S,/S5799 and the corresponding values for a dG8 star of T, = 4500 deg. K (Stebbins 


* Since the first draft of this paper was written Stebbins and Whitford have published (31) 
data on the colours of nebulae which seem to afford direct evidence of the reality of the predicted 
colour change. For four elliptical nebulae (NGC 147, 185, 205, 221) measured with two diaphragms 
of different apertures the colour index found with the larger aperture is consistently the greater ; 
the average increase is +0-06 mag. (range +0-’02 to +0-10). Except for NGC 221 the “ effective” 
diameters are not known ; however, with reasonable estimates the average predicted increase is 
+0°05 mag. (range +0°03 to +007), in very good agreement. Measurements with smaller 
diaphragms would probably reveal larger changes. 
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and Whitford having compared M 32—type dG3—with a dG6 star, the model— 
type dG5—must be compared also with a later type). The last three lines give, 
in magnitudes, (1) the computed colour difference between the model and the 
dG8 star, increased by + 0-03 mag. to fit at 45700 with (2) the observed colour 
difference between M 32 and a dG6 star, taken from Stebbins and Whitford’s 
Table I and (3) the O-C residuals. 

The agreement is remarkably good, taking into account the rough character 
of the black-body approximation. It is obvious that the model, t.e. the luminosity 
function of its stellar population, fits very well the available observational data on 
the integrated energy distribution in elliptical galaxies. 
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Fic. 6.—Mass density distribution in the projected image of the model. 





Note that the contribution of the heaviest stars (mass 2 and 4) is very small even in the central 
regions. The radius of the circle within which is located 50 per cent of the mass of the model is 
3°14 times the effective radius derived from the light distribution. 


(d) The mass distribution in the projected image of the model (computed 
following a procedure very similar to that outlined above for the luminosities) 
is shown in Fig. 6 along with the individual distribution laws for the various 
components of the population. By comparing it with the theoretical luminosity 
law (Fig. 4) the corresponding values of the ratio f= mass/luminosity are derived. 
These are given in Table V, column 8, and shown in Fig. 7. 

The values display a characteristic feature of the model, namely a very sharp 
increase of the f-factors with increasing distance from the nucleus. From a 
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minimum of about 5 in the nuclear regions (« <0-03), f jumps to about 25 + in the 
intermediate regions of the nebula (0-3<«<1-0) and then increases more slowly 
to very large values up to and above 100 in the outer parts (« >4). 

This mass/luminosity curve is in general accordance with the trend of the 
f-factors in M 31 as determined by Wyse and Mayall (16); no close agreement 
could be expected owing to the large difference in nebular types (model: Eo; 
M 31: Sb). A further comparison using space densities in NGC 3115 is made 
in Section 4. 

This behaviour of the f-factors means that most of the mass of the elliptical 
galaxies lies well outside the bright ‘‘ main bodies”’ ; a property which, as already 
pointed out by Oort (7), provides an immediate explanation of the observed fact 
that the internal bright parts of the nebulae seem to rotate like solid bodies, 
i.e. with constant angular velocity. 
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Fic. 7.—Mass;luminosity and stellar density/luminosity ratios in the model. 
The lower (heavy) curves show the run of the /fM |L =f ratio in space (full line) and in 
projection (dotted line). The upper (thin) curves show the run of the NW /L=g ratio. 

(e) The projected stellar density (number of stars per unit area) similarly 
derived is shown in Fig. 8 with its various components. A number/luminosity 
ratio g =A | can be defined much in the same way as the mass/luminosity ratio 
f=M/£ by comparison with the luminosity curve; its values are given in 
Table V, column 10, and Fig. 7. 

This g-factor exhibits the same general run as the f-factor, but with higher 
absolute values. Even in the nuclear parts of the nebula there is an overwhelming 
majority of very faint stars. 

No direct observational data are available to be compared with the theoretical 
curve. However, in his discovery report on the Sculptor system Shapley states : 
‘Counts to the brighter limits show that the most luminous objects are more 
highly concentrated toward the centre of the cluster... .” (32). Also the 
discovery by Baade (33) of a few bright blue giants in the nuclear region of 
NGC 205 points in the same direction. This segregation of stellar masses agrees 
with the evidence derived from the colour changes in supporting the assumption 
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of a state of approximate equipartition of energy between stars of different masses. 

Therefore both hypotheses made about the luminosity function of the stellar 
population and its distribution law throughout the model seem to be supported 
by all available evidence. 

(f) The knowledge of the distribution curves for mass and stellar density 
makes it possible to compute “‘effective’’ dimensions by the method outlined in 
Section 1. The effective dimensions, as defined in Section I, relate to a quantity 
(photographic surface brightness) which although physically significant has only 
a “relative”? meaning in that it depends somewhat on the wave-length band 
used (owing to the variation of the colour index discussed above). On the 
other hand, “‘ effective’’ diameters based on mass or number of stars will relate to 
physical entities having an “ absolute’”’ and basic meaning. 
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Fic. 8.—Distribution cf the stellar density in the projected image of the model. 


Note the predominance of stars of less-than-solar masses, even in the nucleus. The radius of 
the circle within which is half the total number of stars in the model is 3-35 times the luminous effective 
radius. 


By integrating the curves of Figs. 4, 6 and 8 it is found that while half the 
total photographic luminosity is emitted within a circle of radius r,=60 Emden 
units (x =1), the corresponding “effective” radii for mass and star numbers are 
much larger, actually 7, =188 (x= 3-14) for the mass and r,=202 (x = 3°35) for 
the number of stars. These, relating to basic physical quantities, could be more 
rightly considered as the true effective dimensions of the elliptical nebulae. 
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Unfortunately they cannot be used for practical purposes since they are not 
directly observable and depend on the detailed peculiarities of the model. 
Nevertheless it is interesting to remark that by extending photometric measure- 
ments to their extreme attainable limit (« =3 or 4), hardly more than one-half of 
the total mass or number of stars of an elliptical galaxy are directly detectable by 
present-day techniques. 

4. Space densities.—The space densities of mass, luminosity and number of 
stars in a globular galaxy built as indicated by the model have been computed by 
Plummer’s method (34). 

If F(r) is, say, the number of stars between planes situated at distances 
x=r and x=r+dr from the centre, then it is well known that the space density 
of the stars at distance r from the centre of the galaxy is given by 

1 dF(r) 


anr dr 


Or) = - (10) 
F(r) is easily derived from the projected density curve (r) by integrating along 
a straight line passing at the minimum distance x=r from the centre of the 
nebula, i.e. 


F(r) =2 . Np) dp, (r1) 


where p=(r-+y)H2, 


y being the coordinate measured along the said line. 

The numerical computations were carried out down to r = y = 1 000 (p = 23°5a,) 
forthe #, Mand MW distributions of Figs. 4, 6 and 8 (Table V, columns 3, 7 and 9). 
The results are collected in Table VII, from which some additional information 
can be gathered. 

(a) The space densities of mass and luminosity give the f-factors in space 
(Table VII, column 5, and Fig. 7), which show a similar but steeper run than the 
projected values. The range is from about f=2 in the nucleus («<0-03) where 
the heaviest and brightest stars are concentrated, to about f=2o in the inter- 
mediate regions (0°2<«<1I-2) and then to values up to and above f= 100 in the 
outer regions («> 4). 

The above computed f-factors can be compared with the values derived by 
Oort (7) from Humason’s radial velocity measurements on NGC 3115. 
Assuming a distance of I-O megaparsec suggested by the apparent magnitude 
and radial velocity (see footnote to Section (c) below), the f-values deduced from 
Oort’s Table 4 are respectively f=13, 16 and 165 for the three shells of 
semi-major axes a@=0-10", 10-20", 20-70", which, with a,=94” (Table I), 
correspond to « =0-00-—0°10, 0:10-0:21, 0-21-0°75 (limiting radii r= 2-5, 3°5, 6°5). 
Neglecting the second shell, which falls in the region of rapid variation of f, the 
observed variation between the nuclear region and the third shell is A log,) f=1-1:, 
in good agreement with the computed value A logy) f= 1-05. 

No detailed agreement could be expected owing to the difference in types 
(model: Eo; NGC 3115: E7) and the approximate character of the various data. 
In particular the absolute values of the f-factors in the model depend on the 
largely hypothetical value accepted for the relative abundance of very faint 
dwarfs; as can be judged from Table IV, the lowest permissible value for a pure 
population II system has been used. Much higher values could easily be 
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obtained, without changing the other observable properties of the model, by 
assuming a larger proportion of faint stars in the last class (M = 4). 

Disregarding therefore the absolute values, the main observed feature, namely 
the sharp increase in the #/ ratio between the nuclear region and the “‘ main 
body ”’, is well accounted for by the model. This is, of course, a consequence of 
the hypothesis of pseudo-isothermal equilibrium coupled with that of 
approximate equipartition of energy between the stellar populations of various 
masses. 

It seems very difficult to explain all the observed facts without assuming 
substantially such conditions. 

Tas_e VII 
Space densities of mass, luminosity and stellar content in model 
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(b) From the computed stellar space densities the #”/% =g factors in space 
have been derived (Table VII, column 7, and Fig. 7). The range is from about 
g=4 in the nucleus, to about g=g0 in the intermediate regions and up to and 
above g=1000 in the outermost parts. The stellar density in the outer fringes 
of an elliptical galaxy must be enormously larger than the observed light 
distribution in the nebula suggests at first sight. 

(c) In order to obtain absolute values for space densities the absolute values 
of the effective dimensions are needed. These, i.e. the distance moduli on which 
they depend, are rather difficult to ascertain for some objects (even within the 
currently accepted scale of nebular distances). ‘The most probable values are 
collected in Table VIII with some derived data.* 

* For NGC 221, D and m—M are after Baade (19) and NGC 4494 and 4649 are probably 
members of the Virgo cluster. NGC 3379 is more uncertain, two trial values are used in Table 
VIII. NGC 3115 is most uncertain; magnitude and radial velocity (35) suggest a distance of about 
0-85 Mpc, however Oort (7) favoured a higher value, perhaps as high as D=2-1 Mpc, and used a 
‘*compromise’’ value D=1-5 Mpc. Two trial values D=1-o and 2:0 Mpc are used in Table VIII. 


Owing to this uncertainty and also the fact that the nebula is highly flattened, while the model is 
for globular (or nearly globular) objects, it has been excluded from the rest of the computations. 
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The geometrical distance moduli m— M being known (column 7), the total 
absolute magnitudes M, (col. 9) are deduced from the observed apparent 
magnitudes m7 corrected for galactic absorption Am, (col. 8); then the absolute 
semi-major axis A, (col. 11) from the length corresponding to 1” (col. 10) at 
the distance D of the galaxy (col. 6); lastly from B, (col. 5), again corrected for 
galactic absorption, the absolute surface brightness in suns per square parsec 
(col. 12) is obtained. 

M 32 excepted, all the galaxies in the table are obviously giant, bright objects 
of fairly high surface brightness; M 32 stands out as a very small, comparatively 
faint object of exceedingly high surface brightness. 

TaBLe VIII 
Elements of five elliptical nebulae 
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It will be recalled that the maximum (nuclear) surface brightness By is about 
160 times the “effective” surface brightness B,; thus the B, in Table VIII 
correspond to values of B, ranging from about 125000 pc* (NGC 4649) to 
250000 O/pe* (NGC 221). 

(d) The absolute space densities can now be derived from the relative values 
in Table VII. It is assumed that the space density curves derived for a globular 
galaxy can be used for slightly flattened systems like M 32 or NGC 4649 and that 
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these are not highly flattened systems (like NGC3115) which happen to be 
seen “‘pole-on”’. The results are given in Table IX for mass, luminosity and 
number of stars in the nucleus («=0). Densities at any given distance « from 
the centre can be obtained with the help of Table VII. 

The actual density curves are given in Fig. 9 for NGC 221 and NGC 4649, 
which are the extreme cases in our material. 

The central values range from about 200 to 350000/pc* for the light 
density, 350 to 650000/pc* for the mass density and 700 to 130000 stars/pc® 
for the stellar density. 

The “effective” values (x =1) are less by factors of 3 500 (light), 275 (mass) 
and 135 (numbers). 

At «=4, which corresponds roughly to the extreme limit reached so far by 
photometric measurements (cf. Table I), the ratios become 235000, 8000 and 
3700 respectively. 

At «=20, which corresponds similarly to the extreme limit of detectability 
on microphotometer tracings (cf. Table II), the densities are reduced to 
Ix10-* to 2x10-4O/pce® (light), 2x10-4 to 4x10°O/pce* (mass) and 
I x 10-* to 2x 107! star/pc® (numbers). 


TABLE IX 


Space densities in four elliptical galaxies 
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Although at this last distance the mass and light densities begin to be rather 
small compared with what is observed in our galactic neighbourhood, the actual 
number of stars is still of the same order of magnitude (about I x 107 star/pc* 
within 5 parsecs of the Sun). Therefore the elliptical galaxies can be expected 
to reach to much larger distances. 

It has been suggested that the actual limits to any particular galaxy might 
be set only by the existence of the neighbouring galaxies. ‘This can be tested 
roughly by computing the minimum density reached at a point midway between 
two neighbouring galaxies, assuming for an order-of-magnitude computation 
that galaxies of all types behave more or less like the model in their outermost 
parts (it will be recalled that in spiral nebulae the smooth distribution of 
population II extends much beyond the spiral structure.) 

If we accept the current estimate n=12 for the average number of galaxies 
per cubic megaparsec (36), then the radius of the sphere occupied on the average 

12 
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by one galaxy only is r,;=270 kiloparsecs. Adopting A4,=180 parsecs for the 
effective radius of the average galaxy (or rather the average effective radius of 
the galaxies), 7, corresponds to x =1500. This is a long way beyond the limit of 
our calculations; nevertheless, if such a large extrapolation of the data is 
permitted it suggests an estimated stellar density of the order of 10~® star/pc* 
or about one star per cubic kiloparsec in intergalactic space halfway between 
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Fic. 9.—Absolute space densities of light, mass and star numbers in NGC 221 and NGC 4649 
according to the model. 


The densities in suns/pc? for the light and mass densities, in number of stars/pc* for the stellar 
density are given by the curves beyond 1 parsec from the centre. The maximum nuclear densities 
(r=0) are shown by the thin horizontal lines near the top of the respective curves. 


neighbouring galaxies in the so-called “‘ general field’. There, it seems therefore 
safe to state, the galaxies are, for all practical purposes, completely separated and 
independent objects. 

The situation is very different in clusters and groups. For instance, according 
to Zwicky (37) the space density of galaxies brighter than about M,,= —14 
in several large clusters is as high as 0-5 to 1-0 x 108 galaxies/megaparsec*. This 
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means that the radius of the sphere allocated to each galaxy is only 7,'=0-7 kilo- 
parsec at most (actually much less if one takes into account the galaxies fainter 
than M,,=—14). This corresponds to «=4+. The average stellar density 
halfway between neighbouring galaxies is then higher than about one star per 
cubic parsec; the corresponding mass density is of the order of 2 x 107! O/pe’. 

It is clear that under such conditions the galaxies are no longer fully separated 
and independent objects; they may be more rightly considered as mere 
condensations in the larger agglomeration of matter which constitutes the 
cluster. This is indeed what has been observed by Zwicky (38), who has succeeded 
in detecting the faint luminous background permeating the central areas of the 
large clusters. 

Nevertheless the galaxies are still clearly distinct objects since their nuclear 
(space) densities are about two to four thousand times higher than the density 
of the intervening continuous “ plasma” in which they are embedded. 

5. Velocity dispersion and potential.—(a) The velocity dispersion (W2)"? is 
given, at least approximately, by a formula derived by Zwicky (3, 37). He has 
shown that for the ideal case of isothermal equilibrium of particles of equal 


masses 
W? = 127Gpyx’, (12) 


where G=6-68 x 10-* c.g.s. units (gravitational constant), p)=nuclear space 
density (our M, in Table IX), « =r/r, =scale ratio between the actual dimensions 
and the associated Emden radius (‘‘ structural index’’). 

In our case A, corresponds to r, =60, so that—for an order-of-magnitude 
computation neglecting the dispersion of masses—all the necessary data are in 
Tables VIII and IX. 

The results are collected in the following tabulation. 








NGC 221 3379 4494 4649 
Po (g/cm*) 4°3x 10718 9°0 10° 3°4x 10°" 2°4 x 107° 
a (cm) 1-7 x 10 rs x 1g°° 1-9 X 10** 4°'1 x 10'° 
(W?)}!? (km, sec) +55 +70 +55 + 100 























The corresponding average line-of-sight velocity dispersion 
(W,*)!? =(W*/3)"* (13) 


would be then of the order of + 30 to +60 km/sec. 

According to Humason, quoted by Oort (7), the line-widths suggest an 
upper limit of about +100 km/sec for the line-of-sight velocity dispersion in 
NGC 3115. The value derived by Belzer, Gamow and Keller (15) for their 
model is + 250 km/sec. 

As any prospect of direct measurement of the velocity dispersion seems 
still remote it is not necessary at this stage to attempt a more exact calculation 
of the theoretical dispersion. 

12* 
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(6) The distribution of the potential 
Vir)=G [ der? f gnrp(r) dr (14) 
0 0 


corresponding to the distribution of mass density in Table VII, column 4, is 
tabulated below. The results are normalized by taking p(o)=1 and V(o) =o. 
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The asymptotic value of —V(r)/47G is about 70 units. The force dV/dr 
reaches a maximum near r =8 (« =0-13). Actual values for V(r) can be obtained 
for the objects in Tables VIII and IX by a suitable change of units; namely 
by multiplying the values in the above table by 47G(1-8 x 10") #,A,”. 

6. Concluding remarks.—An attempt has been made here to work out an 
empirical model of a globular galaxy which accounts for all the well-established 
facts known about this type of stellar system and predicts some other properties 
which may be observationally checked. ‘This model is essentially based on 
two assumptions, viz. approximate isothermal equilibrium in an assembly of 
stars of various masses where the very faint red dwarfs predominate in number. 

It may well be pointed out that the present model, expressing the empirical- 
macroscopic approach, is not necessarily inconsistent with the theoretical- 
microscopic approach outlined by Belzer, Gamow and Keller (15). However, 
it does not seem possible to neglect the dispersion of stellar masses and to accept 
the apparent surface brightness as measuring the projected mass density. 
Possibly a renewed theoretical attempt might rather try to explain the departure 
from isothermal conditions found to account so well for the observed luminosity 
distribution. 

From the observational point of view more extensive and more accurate 
data on the light and colour distributions are needed. 


| am indebted to Mrs A. de Vaucouleurs for the carrying out of the numerical 
computations required for the derivation of the space densities and to 
Professor R. v. d. R. Woolley for reading an early draft of the paper and 
suggesting several important improvements. Mr J. Burr has kindly pointed 
out an error and checked the final draft. Criticisms by a referee have also 
proved very valuable. 
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Australian National University, Canberra, 
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THE RATE OF ACCRETION OF MATTER BY STARS 
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Summary 


It being generally agreed that the present very luminous stars have existed 
as such for only a small fraction of the past life of the Galaxy, it becomes 
important to decide whether they are produced from previously existing stars 
by the accretion of interstellar matter, in accordance with the views of Hoyle 
and others, or are the result of some continuing process of star formation. It 
is emphasized that accretion on the scale required need be only a rarely 
occurring phenomenon. Even so, the quantitative requirements as usually 
discussed do present difficulties. It is here found, however, that accretion 
on this scale would take place, if at all, only after a star has been reduced almost 
to rest relative to surrounding interstellar matter as a result of the retardation 
produced by such matter. This and other effects that have to be considered 
in a full discussion of the problem reduce the requirements to ones that seem 
likely to be found realized in actuality. (The main purpose of the present work 
is to estimate these requirements; the frequency of their realization will be 
discussed elsewhere. ‘The accretion theory has naturally to account not only 
for the mass-increment but also for its production at a rate sufficient to 
compensate the transmutation of hydrogen in the stars concerned. It is 
shown that no additional difficulty is likely to arise in this way. 








1. Introduction 

1.1. The problem.—It is well known* that, according to accepted ideas 
concerning energy generation, the most luminous stars can maintain their observed 
luminosities for only a small fraction of the life-time of the Galaxy. It is also 
well known? that the present existence of such stars could be explained by a 
sufficiently high rate of accretion of material from interstellar space. The 
question is whether the required rate is realized in the actually occurring conditions. 

The outcome of an elementary quantitative inspection is indeed to suggest that 
the conditions required for the success of the accretion theory are far removed 
from anything like normal conditions for stars and interstellar matter. The 
theory has consequently not gained general acceptance. { 

As the case is usually presented, however, it overlooks the fact that the processes 
envisaged by the accretion theory of this particular problem must occur only in 
exceptional conditions. ‘lhe accretion of a large amount of their material in 
recent astronomical times is required by the nature of the case to be the experience 
of only a tiny fraction of allthe stars. Moreover, if this large accretion does occur, 
the mechanism is apparently rather different from that assumed in the elementary 
treatment. A closer inspection of the theory shows that the conditions required 
are not so unlikely as those previously thought to be necessary. 


* O. Struve, Stellar evolution, p. 112, Princeton, 1950. 

t F. Hoyle, The nature of the universe, Oxford 1950. 

t See, for example, Struve, op. cit., p. 113; J. L. Greenstein, Astrophysics (ed. J. A. Hynek), 
Pp. 591-2, New York, 1951. 
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The issue is of fundamental significance. ‘The comparatively recent formation 
of the very luminous stars is not itself in question ; the problem concerns the process 
of their formation. If the accretion theory is correct, then the present existence of 
these stars in comparatively small numbers is the result of an already understood 
physical process affecting, on the scale concerned, only these particular stars. 
The problem of the evolution of the majority of all stars is not essentially involved. 
On the other hand, any different explanation would, in the first place, require some 
process of star formation that has not yet been thought of. In the second place, 
this process has to result in newly made stars, since the growth of previously 
existing stars is accretion. But we should not expect a process of making new stars 
to produce only stars of the largest masses. Therefore such an alternative 
explanation must presumably have far-reaching consequences concerning the 
evolution of the stars in general. ‘This shows the importance of trying to decide 
whether accretion provides an adequate explanation. It is put forward as the 
justification for the rather lengthy discussion that follows. 

1.2. Apparent difficulties of the accretion theory.—Current criticism of the 
accretion theory is based mainly upon quantitative difficulties regarding its 
applicability rather than upon matters of physical principle. Consequently, the 
difficulties are best illustrated by quoting particular figures. 

Consider, for instance, a star* of luminosity 10° times that of the Sun. Sucha 
star has mass about 43 times the mass of the Sun. The luminosity requires the 
transmutation of hydrogen at the rate of about 6 x 107°g/s. If the star does not 
acquire hydrogen from outside, even if it starts as almost pure hydrogen and all of 
this is available for energy generation, its life as a normal star can therefore be 
only about 5 million years [=(43 solar masses~6 x 107°g) seconds]. But, 
according to the accretion hypothesis, the star has not always had its present large 
mass ; this has been acquired from interstellar matter consisting largely of 
hydrogen. In order for this hypothesis to be effective, we should conclude on a 
simple view of the problem that such matter must therefore be accreted at least at 
the rate of 6 x 107°g/s. Now, according to the usual accretion formula (equation 
(1) below), the density of interstellar hydrogen required to achieve this rate must be 
at least about 1000 U% atoms/cm*, where U km/s is the speed of the star through the 
interstellar gas. Using the same formula, the time taken to produce a star of large 
mass starting with a mass of, say, two solar masses in a cloud of this density is about 
108 years. During this time the star would travel 100 U parsecs. 

A speed of 1km/s would certainly be an exceptionally low speed for a star 
relative to any surrounding interstellar cloud. Yet, according to these figures, 
even this low speed demands a cloud about 100 parsecs thick with a density of about 
I 000 atoms/cm’. This would mean a mass for the cloud, if roughly spherical, of 
about 10’ solar masses. It is not knownf whether clouds exist of one-tenth of this 
mass. More particularly, a cloud or cloud-complex of 100 parsecs extent is raref, 
while the most familiar estimate § of the maximum density in interstellar clouds is 
only about 100 atoms/cm*. Further, since the life of the star after it has ceased to 
accrete must be less than the 5 million years mentioned above, when observed it 
cannot be as much as 5 parsecs away from the cloud if its speed is only 1 km/s. 

* Such a star is AO Cas A in Table I; the derivation of the figures quoted in the present section 
is implicit in some of the work that follows. 
t+ L. Spitzer and M. Schwarzschild, Ap. 7., 114, 385-397, 1951. 


t W. H. McCrea, The Observatory, 70, 100, 1950. 
§ B. Strémegren, Ap. F., 108, 242-275, 1948; but see Section 3.1. 








164 W. H. McCrea Vol. 113 


Thus the star would be observed in or very close to the exceptional region of 
nebulosity described. Sucha special association is not observed for every massive 
star, although it is true that such stars are associated in a general way with regions of 
relatively high density of interstellar material. Finally, owing to the occurrence 
of U* in the density needed for a given rate of accretion, if U is much more than 
about 1 km/s, the conditions required for an amount of accretion that would be 
significant for the present problem are apparently beyond the bounds of possible 
realization. Yet we have to recall that the mean peculiar velocities of massive 
stars* are of the order of 10km/s and the mean peculiar velocities of interstellar 
cloudst are probably about 5 km/s, so that the mean relative velocities of stars and 
clouds are also of the order of magnitude 10km/s. Anything like a Maxwellian 
distribution of such relative velocities would allow a velocity of less than 1 km/s in 
only about one case in a thousand. 

The needed combination of rare occurrences in respect to velocity, cloud- 
density, and cloud extent are apparently the considerations that lead many 
astrophysicists to reject the accretion theory. Nevertheless, the entire problem 
is necessarily one concerning exceptional occurrences} since the stars concerned 
are such a small proportion of all stars (perhaps about one in a_ million). 
Moreover, figures such as those quoted are sufficient to show that, in a favourable 
combination of admittedly rare but not impossible conditions, accretion is at 
any rate on the verge of being significant. If refinement in the theory and in its 
application can combine to yield a factor of about 10 in the right direction there 
would be little doubt that it is significant. 

It is the purpose of this paper to call attention to certain considerations that 
do appear to sway the decision in this direction. Since in the nature of the case 
we are dealing with marginal considerations, it is not surprising that the work 
depends upon rather critical and tedious arguments. In this paper we deal 
with the possibility of the occurrences; elsewhere some attempt will be made to 
investigate their frequency. | 

In Section 2 the basic results of the theory of the accretion process are quoted 
and certain formulae required for their application are derived. In Section 3 
the quantitative application of these formulae is discussed. ‘The position is 
briefly reviewed in Section 4. 


2. Accretion theory 


2.1. Rate of accretion.—We consider a star S moving through a cloud of 
interstellar material of indefinitely large extent in all its dimensions. Apart 
from the disturbance produced by the star, we treat the cloud as being at rest 
and having uniform density p. We consider only rectilinear motion of the star; 
we take an axis OX along its path. At epoch ¢, let the star be at P on OX, where 
OP =x, and let its velocity § be U=dx/dt. Let O be taken so that x =0 when t=0, 
and let the values of other parameters at t=o be distinguished by suffix o. 
Let M be the mass of S, this being a function of t if accretion takes place. 


* Spitzer and Schwarzschild, Joc. cit. 

+ A. Blaauw, B.A.N., 11, 459-473, 1952. 

t This point has been particularly emphasized by Mr F. Hoyle in various discussions on the 
subject. 

§ In Section 1.2 the velocity U was expressed in km/s; this convention is not employed in the 
general formulae in the rest of the paper. 
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For cloud material of sufficiently small density and kinetic temperature, 
Bondi and Hoyle* derived the accretion formula 


dM/dt = . 2npG* M?/U%, (1) 


where G is the gravitational constant. Here « is a numerical factor which depends 
upon the way in which the “ accretion stream ”’ has been established but is such 
that 1<«<2. Its value for particular ways of establishing the stream has been 
discussed by the authors quoted and also by Dodd.+ The value «=2 had been 
given by the earlier treatment of Hoyle and Lyttletont (see § also DM (3.19)). 

For cloud material in which the kinetic temperature is not negligible and the 
density is not necessarily small, Bondi || has recently obtained in the case U=o0 


the formula 

dM/dt=' . 2xpG? M*/a’, (2) 
where a is the speed of sound in the cloud at infinity. Here «’ is again of the 
order of unity; Bondi’s values for various possible types of behaviour of the 
medium lie in the range 0°5 <a’ <2:24. 

When Uo, ao, Bondi conjectures that the formula 

dM/dt=« . 2npG* M*/(U? + a’)*?, (3) 
with x= 1, should give the order of magnitude of the accretion rate. ‘The solution 
of the hydrodynamical problem presented by this general case is of extreme 
difficulty. However, with the aid of an electronic computer, Dodd{] has made 
considerable progress with its solution by numerical methods for particular values 
of U/a when this ratio is greater than unity and when the gas is isothermal. 
He obtains substantial confirmation of the quantitative validity of Bondi’s 
estimate (3) taking «+2-24, the value actually indicated by Bondi’s treatment 
for the isothermal case. It is not, of course, suggested that (3) gives accurately 
the analytical form of the solution of the hydrodynamical problem. 

Thus the combination of Bondi’s general arguments with Dodd’s particular 
values would permit us to use the formula (3) with considerable confidence. 
However, we shall see that we require this formula only in a somewhat subsidiary 
way. If the arguments to be given in this paper are correct, the major part of 
any actual accretion that occurs is governed by formula (2), and this appears to 
be on an even firmer footing. Nevertheless, an interesting point arises here. 
What we actually want is to be justified in using (2) as a valid approximation to 
the rate of accretion after U has been reduced to a sufficiently small value compared 
with a. Now, when U is precisely zero, Bondi shows that the value of ~’ in (2) 
is strictly not determined by his analysis, but only by certain physical arguments 
which he uses to supplement the latter. ‘These arguments show that x’ should 
be maximal in a certain sense. The significant point is that Dodd finds the 
corresponding indeterminacy not to arise in his case of U #0. Hence it would be 
tempting to conclude that it is removed from Bondi’s analysis by taking the limit 
when U-+0. This would not be rigorously justified, since Dodd’s work applies 
only for U>a. Nevertheless, we shall deal with cases where initially U>a; 


* H. Bondi and F. Hoyle, M.N., 104, 273-282, 1944. 

+ K. N. Dodd, M.N., 112, 374, 1952. 

t F. Hoyle and R. A. Lyttleton, Proc. Camb. Phil. Soc., 35, 405, 1939. 

§ K. N. Dodd and W. H. McCrea, M.N., 112, 205-214, 1952; this paper will be quoted as ““‘DM”’. 
|| H. Bondi, M.N., 112, 195-204, 1952. 

§] K. N. Dodd, Proc. Cambridge Phil. Soc., 49, 1953. 
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by virtue of Dodd’s work, no indeterminacy is involved here; hence, the problem 
being fully defined physically, no indeterminacy can arise at any later stage and, 
if we appeal to physical continuity (where the mathematical continuity is 
unavailable in the absence of calculations for o< U <a), we get back to formula (2) 
with Bondi’s maximal value of «’. In other words, Dodd’s work gives additional 
justification for using (2) with Bondi’s values for «’ in the circumstances in which 
we need to do so. 

2.2. Retarding force.—We have to consider the force F by which the cloud 
retards the motion of the star. Suppose, first, that the cloud consists of particles 
(atoms or grains) having negligible thermal motions and moving independently 
of each other when disturbed by the gravitational attraction of the star. Then 
the force produced by all the particles whose initial undisturbed positions lie 
within distance s from OX is 


, G? M? U4 
P= —anp Te In(r+ ar) (4) 


acting along OX; this is proved in DM (3.6). 

Under the conditions stated in DM the formula (4) is exact. No difficulty 
arises merely from the fact that in DM the motion relative to the star was 
considered, while here it is considered relative to the cloud. However, here we 
shall be concerned also with the variation of the relative velocity. Some 
correction would be needed if this variation is considerable during the time 
taken by a cloud-particle to traverse the significant portion of its trajectory; 
for present purposes we neglect this refinement. 

The application will be to a star S in the presence of a typical distribution of 
other stars. These will determine a “cut-off” value for s. In fact, we have to 
assign a sphere of influence to S such that the motion of the cloud-particles may be 
considered to be affected by S, and S alone, only when the particles are within 
this sphere. It can be shown* that (4) gives a good approximation for the 
force if s in the formula is put equal to the radius of this sphere. Now we shall be 
interested in those members of the stellar distribution for which F is most 
appreciable. Elementary properties of particle-orbits under an inverse-square 
law of force show that, for producing a deflexion of the relative motion in excess of 
some stated amount, the effective target-area of a star is proportional to U4. 
Hence there is comparatively little effect from the presence of stars with values of U 
larger than those in which we are interested. We conclude that the significant 
approximation for s is about half the mean separation of neighbours amongst these 
particular stars, the presence of other, faster-moving, stars being ignored. 

For the values of the parameters concerned in our work we shall have 
s°U*4 G?*M?>1. Then the logarithm in (4) is effectively the logarithm of this 
quantity. Its values for some typical cases are given later in Table III. Since it 
varies so much more slowly than the other factors in F, we shall now write as a 
sufficiently good approximation to (4) 

F=—£.22pG? M?/U*. (5) 
In any particular application we shall treat 8asaconstant. In principle, we should 
evaluate 8 as a suitable average of the logarithm for the range of values of the 
parameters occurring, but we shall see that in practice we may use its value at one 
point in the range. 
* This approximation has been studied by Mr Dodd in work not yet published. 
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‘The formula (4) was obtained in DM for the simplest possible conditions in the 
cloud. But it was shown to agree essentially with that got by Bondi and Hoyle 
(loc. cit.) for rather more realistic conditions. These authors also used the 
approximate form(5). However, for their immediate purposes, they did not have 
to give much attention to the determination of the cut-off value of s. 

In the extreme case where the motion of the cloud is hydrodynamical, no direct 
estimate of the force has yet been achieved. But, since we know that the passage 
in this case makes little difference to the calculated accretion rate, except for small 
values of U, we have ground for supposing that it also makes little difference to the 
calculated force. So far as the consequences of the force are concerned, the case 
of U>a is the important one, and this is the one to which the foregoing argument 
particularly applies. 

2.3. Other forces.—The force expressed by (4) or (5) arises because the star 
deflects the motion of particles of the cloud in its vicinity. But the star and the 
cloud-particles are acted upon also by the gravitational forces produced by all the 
other matter present. Nevertheless, such forces will not in themselves have a 
first-order effect upon the relative motion of the star and the neighbouring part of 
the cloud. It is true that they could have such an effect if, in the case of the cloud- 
material, they were opposed by a pressure gradient. This, however, is unlikely to 
occur in practice, since the cloud is presumably somewhat “‘ broken”’ into patches 
or filaments, as is seen commonly to be the case with interstellar clouds that 
happen to be directly visible. Such a system would not be in a condition to 
establish a pressure gradient of the required character. We may conclude that the 
relative motion of the star and the portion of the cloud in which it is immersed at 
any epoch is controlled by the retarding force discussed in 2.2, and that we may 
ignore other forces so far as their relative motion is concerned. 

More correctly, we may conclude that there can be cases to which this treatment 
applies and we may assert that these are the cases to which we shall restrict 
ourselves. At the same time, it would be desirable to examine more fully the 
possible effects of gravitational fields, though this will not be done here. 

2.4. Equation of motion.—The equation of motion of the star relative to the 


cloud is 
d(MU)/dt=F. (6) 


This expresses the law of conservation of momentum for the system when, for the 

reasons stated in 2.3, we assume F to be the only force affecting the relative motion. 
We first consider the motion under the conditions in which the formulae (1), 

(5) provide sufficiently good approximations for dM dt and F. ‘This means that 

U>a, though we expect the approximation to be adequate almost down to U=a. 
From (1), (5), (6) we then obtain 


dM/dt= .a0M?/U*, (7) 
dU/dt = —(x%+B)oM, U- (8) 
and, by definition, 
dx/dt= U. (9) 
Here we have written 
o = 27pG- (10) 


and we shall also write 


Kk =a/(~+). (11) 
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The system (7), (8), (9) has the following integrals which are readily verified. 
They give the unique solutions satisfying the initial conditions stated in 
Section 2.1. 


M/M,=(U,/U)%, (12) 
U,3+* — U3+* 
t= 7K? 
(4%+38)oM,U, (13) 





U,t+* — Ut+* 
** (§a+4R)oM,U," * (14) 


In applications, « is a small positive fraction, while U,/a is most likely to be in 
the range about 2 to 5. As we have said, our results should be sufficiently good 
approximations almost down to U=a. Therefore, the smallest value of U for 
which these results are to be used will give U?< U,* and U*< U,*. ‘Theretore, if 
we substitute this value of U in (13), (14) we obtain t=?,, x =x,, approximately, 
where 





t, = U,?/(4x+38)oMg, (15) 
x, = U*/(5« + 4B)oMg. (16) 


In any case, these are not underestimates of the values of t, x. ‘The quantities 
t,, x, are independent of the particular value of U which has been employed. 
The physical explanation is evident from the forms of (13), (14); they show 
that, owing to the steep increase in the effective resistance expressed by (8) with 
decreasing U, most of the time and distance are required to produce a small 
initial reduction of U. Once any appreciable reduction has been achieved, it 
does not take relatively much longer to complete the reduction. 

This has another consequence. Since, over most of the time and distance 
given by (13), (14), U does not differ much from U,, the appropriate estimate 
of B to be used in these expressions is simply the entry in Table III for U=U,, 
and not a value between this and one for a small value of U. 

Further, if the force merely remains of the same order of magnitude from 
a value of U a little above a to a value a little below a, the time and distance 
required for this further reduction of U are small compared with ¢,, x,. This 
is easily checked. Hence t,, x, given by (15), (16) are sufficiently good estimates 
of the time and distance in which U is reduced from U, to a value somewhat 
less than U=a. This conclusion is valid apart from any detailed knowledge of 
the precise manner in which the equations (7), (8) may have to be modified in 
the neighbourhood of U =a. 

When U is less than a, we can use Bondi’s simple accretion formula (2). 
We do not require the more general formula (3) for actual application, but 
merely to assure ourselves that (2) is a good approximation as soon as U® is 
sufficiently small compared with a’. 

We shall now disregard any increase of M during the time ¢, and, on account 
of what has just been said, we shall conclude that at the end of this interval M 
starts to increase in accordance with (2), that is, 


dM/dt =2'aM?*/a* (M= M, when t=1?,). (17) 

The main purpose of neglecting any accretion during ¢, is to avoid over- 
estimating the total accretion. But we notice that, for the range of values 
mentioned above, this is actually a good approximation. For, assuming 
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that (12) is even approximately valid down to U =a, it will leave M/M,=1 
on account of the smallness of x. 
The integral of (17) is 


(18) 
Thus M will have become large compared with M, at time ¢, where 
t, —t, =a3/a'oM). (19) 

Since (18) implies that M would become infinite in this time, it is clear that 
at some stage equation (I7) must cease to apply. But the order of increase of M 
with which we are concerned in practice will remove only a small percentage of 
the cloud material and so we may conclude that we shall be working within the 
range of applicability of the equations. A simple property to notice in (18) is 
that the time required for a very large increase of M is not much more than 
that for a moderate increase (e.g. a five-fold increase takes only about 60 per cent 
longer than a two-fold increase). 

The derivation has been framed so as to make it clear that we have nowhere 
had to use a force-formula for very small values of U. But, without going into 
details, it is evident that the star will be brought effectively to rest relative to the 
cloud at about time ¢, and that x, therefore expresses effectively the whole 
displacement of the star through the cloud. The significant time for the whole 
process would be the greater of ¢, and t,—t¢,, but we cannot generalize as to 
which of these will turn out to be the greater in actual applications. 

To sum up: If at any epoch a star is moving through a cloud with a given 
speed exceeding the speed of sound in the medium, then it will be brought 
effectively to rest in the cloud in a distance x,, and its mass will have increased 
to a considerable multiple of its initial value in a time ¢,. These quantities 
are given by (15), (16), (19) and depend essentially only upon the force-formula 
for the initial speed and upon the accretion formula for a star at rest. The 
effective limitation upon the applicability of the results to an actual case is that 
the cloud should extend over a distance greater than x, and should remain in 
existence for a time greater than fj. 

2.5. Comparison with simple treatment.—The simplest treatment of accretion, 
such as that upon which the figures quoted in the introduction are based, 
disregards the retarding effect of the cloud. Hence, for a star moving through 
the cloud at speed Uy, the rate of accretion cannot exceed that given by (1) with 
U=U,. By analogy with (19), the total time ¢,*, say, required for a large increase 
in M is then not less than 

t,* = U,3/a0 M, (20) 
during which the star travels a distance x,*, where 
x,* = U,t,*. (21) 


Using (15), (16), (19) these give 


ty % afa\s 

a ge HA il 

% « 

x,* 52+4p8° 
It will be noted that (22), (23) are independent of p, M, and that (23) is 
independent also of Up. 


(23) 
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Remembering that x, is effectively the whole displacement required by the 
treatment in 2.4, and noting that the numerical values in Section 3 will show 
that the fraction (23) is less than 3, we see the extent of the difference 
resulting from the more detailed treatment. A reduction of the linear size of 
the cloud required by this factor 20 means a reduction in its total mass by a factor 
of nearly 10000. This alone would reduce the conditions described in the 
introduction to something less difficult to find realized in practice. 

It will be found also that the fraction in (22) is about * in actual cases, 
so that the times required are also considerably reduced. One way in which 
this is important appears from the next section. 

The effect of our more detailed treatment is to show that retardation takes 
precedence over accretion, i.e. that it destroys the relative velocity before a 
significant increase of mass occurs. ‘This is always assuming that no other 
forces affect the relative motion; if they do, then we may indeed in some cases 
get back to conditions in which the elementary treatment gives more significant 
results. 

2.6. Accretion and hydrogen consumption.—In testing the accretion hypothesis 
of the production of massive stars, we have not only to see whether stars of the 
right mass can be formed but also to see whether they can be formed sufficiently 
rapidly. ‘That is to say, we must now find the condition upon the rate of 
accretion that ensures its adequately compensating the transmutation of 
hydrogen within the stars concerned. We again consider accretion within 
a cloud of effectively uniform density. 

At epoch ¢, let M be the mass of the star under consideration, let AM be its 
hydrogen content, and let L be its luminosity expressed as the rate of consumption 


of hydrogen. It will be convenient to depart somewhat from the notation of 
2.4 and to let the accretion start at t=0, denoting quantities evaluated at that 
epoch by suffix 0. Also for the moment we shall write the accretion formula (17) 
as 


dM/dt=vM" (v, m constant). (24) 


For the purpose of the present section, which is to estimate the minimum 
necessary rate of accretion, we assume that the accreted material is effectively 
all hydrogen. Finally, we shall assume an empirical mass-luminosity law of the 
form 

L=AM? (A, p constant) (25) 
provided h 40. 

If all the stars concerned follow approximately the same course, we may 
take it that the effect of such factors as the rate of mixing of the accreted 
hydrogen, and the dependence of ZL upon A as well as M, are automatically 
taken account of by the assumed relation (25). However, we must obviously 
restrict the validity of the equations to values of M, t for which o<A<I. 

Under the conditions stated, the variation of the hydrogen-content is 
expressed by 

d dM 
5 (aM) = —AM? + =. 
Equations (24), (26) have the integrals 


(p—n+1)[(1—h)M—(1—hy) My] =A M-" 41 — My", 


shit I I I 
~ o(n-1)LM"* MY: 
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We shall now consider certain approximations derived from (27), (28). We 
bear in mind that the values ultimately to be substituted for n, p are 


n=2, p+3'5- (29) 
The value of m is that in (17); the value of p is an accepted empirical estimate.* 
Suppose a normal star of mass M, is produced by accretion starting with 
the mass M, and suppose M, is fairly large compared with M), say M,>4M,. 
Let v=v, determine the smallest rate of accretion that will suffice, and 7, be 
the corresponding time required. From (27), this is seen to be the case for 
which hy=1, and A=o when M=M,. This is obvious physically, for the 
smallest rate of accretion must be that which starts with the star of mass V/, 
consisting of almost pure hydrogen and produces the star of mass M, only just 
before it is on the point of hydrogen-exhaustion. 
From (27), (28) we then have approximately 
AM,>" 
=, (30) 
p—n+i 
— I 


On account of the neglect of the terms in M, in the right-hand members of 
(27), (28), these are not underestimated. If ZL, is the final luminosity in 
accordance with (25), we may write (30), (31) in the form 


L, 


vy, = (p—n+1) 1)M," ’ 


M, 
Part of the object in retaining algebraic symbols for n, p is to show that the 
way in which L, occurs in (32), (33) does not depend upon the accident of the 
numerical values of n, p. In applications, if the observed value of L, is used, 
the results therefore do not depend critically upon the exponent in the 
mass-luminosity law. 
Inserting the values (29), we have finally 


. n—I 


ee ae 


E (33) 


v, =0°4L,/M,?, (34) 
TF , =2°5(M,/ My) M,/L, =1/(¥, Mp). (35) 


It may be noted that the smallest rate of accretion that compensates the rate 
of hydrogen consumption precisely when the final mass M, is reached is 
determined by v=v,* where, by (24), (25), 


v;*=L,/M,’. (36) 


The reason why v, <v,* is, of course, that the star is able to save some of the 
hydrogen accreted in the early stages for consumption at the later stages. The 
formula (36) yields the figure quoted in the introduction. ‘The factor 0-4 in (34) 
is not in itself of much significance, but it serves at any rate to show that figures 
such as those used in the introduction actually leave an appreciable margin to spare. 

The time .7, is that required for the slowest permissible rate of accretion 
to produce the star from an initial mass My. ‘This is a quantity of some 
importance for fixing ideas concerning stellar evolution. 


* Struve, op. cit., pp. 23-24 





172 W. H. McCrea Vol. 113 


The possible lifetime of the star considered at fixed mass and luminosity 

M,, L, is less than 7 ,*, where 

TF \*=M,/L,. (37) 
For 7,* would be its life were the mass M, to consist of almost pure hydrogen 
(and if we neglect the change of luminosity with hydrogen content at fixed total 
mass). Therefore, if the star was produced by accretion, the accretion process 
must have continued in operation to within less than 7 ,* years ago. As already 
noted, it is this quantity 7,* that is found for large M, to be small compared 
with the age of the Galaxy. 

We can now assert, further, that this accretion process must have started less 
than 7 , years ago or, at any rate, the star must have been of mass M, less than 
7, years ago. This does not preclude the star having attained mass M, in some 
earlier spell of accretion. Figures given later show, for example, that a star 
of present mass 40 solar masses must have been of mass Io less than 10° years 
ago. Such figures verify the fact that we are concerned with processes which, 
if they operate at all in the manner under investigation, must do so under 
‘“‘recent’’ conditions in the Galaxy. 

2.7. Binary stars.—In the case of a close binary composed of stars of about 
equal mass M, the rate of accretion for the system as a whole is that for a single 
star of mass 2M. This rate is four times the rate for a single star of mass M, 
since the rate varies as the square of the mass; hence the rate for each star is 
double what it would be if it alone were present. If the star considered in 2.6 
has a close companion of similar mass, we have therefore in place of (34), (35) 


vy, =0°2L,/M,?’, (38) 


TF , =2°5(M,/M,)M,/L, =1/(21, Mp), (39) 


where, as before, v stands for the coefficient of M? in (17). 


3. Applications 


3.1. Properties of interstellar matter.—In briefly reviewing some of the 
observational findings about interstellar matter, we have to recall the fact that 
the applications in which we are interested are marginal effects, concerned 
presumably with extreme conditions rather than average ones. 

Interstellar matter is parcelled into concentrations which we call clouds, 
though here a cloud may mean also the type of system sometimes called a 
“cloud-complex”’. The order of magnitude of the linear dimensions of a cloud 
may be taken as 10 parsecs, with a very wide spread amongst individual examples.* 
In a single cloud the density and internal motion must vary from place to place, 
but presumably the relative motion of neighbouring regions is subsonic. 

In the work, for example, of Bates and Spitzert there seems to be good 
evidence for the occurrence of densities of 1000 hydrogen atoms/cm?, despite 
the fact that these authors fully recognized that this result was unexpected in 
the light of earlier estimates. Indeed, it seems already to be admitted} that 
values up to 10000 hydrogen atoms/cm* can occur. The phenomena studied 
in this paper, if they occur at all, occur in the spiral arms of the Galaxy to which 
the stars concerned are apparently confined and which are almost certainly 

* McCrea, loc. cit. 


t+ D. R. Bates and L. Spitzer, Ap. 7., 113, 441-463, 1951. 
t Greenstein, loc. cit., p. 557. 
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the regions of the Galaxy in which interstellar matter attains its greatest 
densities. It seems fair to say that as yet there is no available estimate of these 
greatest densities. Some of the criticisms of the accretion theory have arisen 
from the estimate quoted in the introduction; subsequent work makes this 
appear either to be too low or else to apply to types of cloud that are not typical 
for our purposes. 

Estimates* of the gas-kinetic temperature of the interstellar material in 
regions where it is not heated locally by very hot stars lie mainly in the range 
30 deg. K to 100 deg. K, though both lower and higher values have been suggested 
by particular items of evidence. It is not yet known whether the actual tempera- 
ture varies much from one cloud to another. 

It is well established that the cloud material is mostly hydrogen gas and 
our work mainly concerns the so-called HI regions in which this is un-ionized. 
(When one of the stars concerned reaches a sufficiently great mass and luminosity, 
the hydrogen in its vicinity will become ionized with a consequent increase in 
the gas-kinetic temperature. This may be one of the factors that limit the 
ultimate mass attained, but this effect will not be studied here.) However, since 
our calculations involve the third power of the speed of sound in the gas, we 
ought to make allowance for the presence of elements other than hydrogen. 
Recently estimated relative abundances give for the mean molecular weight 
in terms of O=16, approximately, 

w=I-4 (49) 
and for the total density approximately 1-6 times the density of hydrogen present. 
The excess of « above unity is due almost entirely to helium, of which the 
abundance is difficult to determine. But the only effect of a revision of the 
estimate of this quantity would be proportionately to alter the temperatures to 
which our results apply. + 

The interstellar material contains also a small admixture of ‘‘dust”’. ‘lhe 
chief réle in the processes with which we are dealing is to provide a mechanism 
whereby thermal energy generated in these processes may be sufficiently rapidly 
dissipated by radiation. This mechanism is explicitly{ required for the 
applicability of the accretion formula (1). It is not essential in principle for the 
applicability of the formula (2), though it affects the values of the parameters 
involved. According to Bondi’s discussion, we should use the value «’ = 2-24 
if the mechanism is fully operative so as to render the conditions isothermal. 
We should use «’ = 0-5 if it is inoperative so that the conditions are adiabatic. 
Also, the speed of sound at infinity is given in terms of the temperature 7 at 
infinity by @ =yRT |p, (41) 
where ® is the gas-constant, and y=1 in the isothermal case, y=% in the 
adiabatic case. When Bondi’s accretion formula is used, for a given value 
of T the isothermal rate of accretion is therefore about 9°6[= 4-48 x (%)°*] 
times the adiabatic rate. 

From the way in which the force-formula (5) has been derived, it appears 
that the mechanism involving the dust has no first-order effect upon the 


* Greenstein, loc. cit.; Bates and Spitzer, loc. cit.; H. I. Ewen and E. M. Purcell, Nature, Lond., 
168, 356, 1951. 

t I have used values of relative abundances collated from various sources and kindly supplied to 
me by Dr F. D. Kahn; the values do not differ greatly from those in several published tables. 

¢ Bondi and Hoyle, Joc. cit. 
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applicability of this formula nor upon the value of the coefficient 8. But, as 
has just been said, the mechanism is required for the applicability of (1) and 
so of (7). If it does not operate, we ought therefore to take « =o in (8), (15), (16). 
If it operates fully, then « has a value in the interval I <« <2 as previously stated. 

In order to bracket all these possibilities, we shall derive results for the two 
cases : 

Case | a’ = 2°24; (42) 

Case A a’ =0°5. (43) 
So far as present knowledge of the subject extends, case I is the optimum one 
for all effects associated with accretion. In the sense that we follow Bondi’s 
evaluation of «’, as explained at the end of Section 2.1, case A is maximal for 
strictly adiabatic behaviour. Granting this evaluation, case A then gives the 
minimum effects of the processes here studied because any relaxation of the 
adiabatic condition renders these processes more efficient. 

3.2. Necessary accretion rates.—We now consider some actual massive stars 
and evaluate the smallest accretion rate, determined by the parameter v, in 
Section 2.6, that would be necessary to account for their existence. For this 
purpose we take Kuiper’s* “selected spectroscopic binaries”. ‘The first two 
stars in his list are not “‘massive’’ and so not directly relevant to the present 
considerations, but they may be retained for comparison. By taking a few 
actual stars, we possibly gain a more realistic impression than by considering 
some typical points on the empirical mass-luminosity curve, which would serve 
as well in principle. 

In Table I, the spectral class and the values of log M, log¥ are reproduced 
from Kuiper’s paper, where -@ is the mass M, in solar masses and # the 
luminosity in solar luminosities. The entries AB give mean values for the two 
components of the binary concerned. 


Isothermal case a= 2, y=I, 


Adiabatic case a=0, y=, 


TABLE I 
Kutper’s selected spectroscopic binaries 


Star Spectrum log Y log fl Lim “Life” F,* years 


Castor C, 
Cc. 


pf, Sco AB 

V Pup AB 
Y CygA 
B 
AO Cas A 
B 

29C Ma A 

B 


K6- 
AI 
B3 
B2 
Oo 
O8-5 


O8-5 


—1°16 
—1°24 
+ 1°83 
T3S 
+ 3°86 
+4°51 
+4°51 
+ 5°97 
wn 5°58 


TS 39 


—0o'201 
~~ 0'°247 
+0378 
7 0°370 
1°'094 
1°265 
1*240 
1°235 
1634 
1-582 
~1°66 
T 1°53 


O'l7 
ors 
II'9 
12°3 
14°5 
21°4 
107 
110 
593 
261 
331 
214 


9:1 X10! 
9°8 x 10!! 
+3 
3S * 
5°5 x 
2°5 ™ 
54% 
53? 
46 
10 » 
6-6 » 
14» 


Since these stars are all close binaries with nearly equal components, the 


appropriate formulae are (38), (39). Using the fact? that the transmutation 

of 1g of hydrogen releases 6-4 x 10!* ergs, and using the known mass and 
luminosity of the Sun, it is found that these formulae become 

vy, = 3x10 3L/M, (38) 

TF, = 2:7 x 10''(M,/M,) M/F years, (39’) 





* G. P. Kuiper, Ap. 7., 88, 472-507, Table 12, 1938. 
t See, for example, S. Chandrasekhar, Astrophysics, (ed. J. A. Hynek), p. 632, New York, 1951. 
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while (37) becomes 
TF ,* = 10"M/L years. (37') 

The values of .7,* are given in the last column. As we have seen, they are 
upper bounds to the times for which these stars can continue to radiate at their 
present luminosities without replenishment of their hydrogen. We then note 
that if we take, say, M,/M,=4 we get from (39), (37) that 7,=107,*. So, 
as explained in Section 2.6, it is seen that even at the slowest possible rate of growth 
the O-stars must have acquired most of their mass within the last 10° years, or 
thereabouts. 

For the massive stars in Table I, which we shall take to be those with 
M-> io, the values of #/ M* range from about 14 to about 500. From (38’), 
the range of v, for these particular stars is thus about 

4 x 10°? <p, <I°5 x 10-™, (44) 
Also, using (2), (24), 
v=a',.2nG*p/a® giving p=va'/(«’ . 27G"), (45) 
so that we can express the interval (44) in terms of the corresponding density p,, 
say. ‘The results are given in ‘Table II for some temperatures of the interstellar 
material in the range mentioned in Section 3.1. We recall that the formulae 
for these smallest necessary accretion rates were derived in Section 2.6 on the 
hypothesis that this material consists effectively only of hydrogen. ‘This 
hypothesis is, of course, retained in the present section; in particular the 
values of a are got from (41) with p = 1-008. 


TABLE II 
Densities for smallest necessary accretion rates 
Temperature T Density in hydrogen atoms/cm* 
Isothermal case Adiabatic case 
30 deg. K o-5<pi< 18 5<pi< 170 
50 deg. K I <pix< 39 10<p,< 370 
100 deg. K 3 <pi<110 28<p,;<1050 


‘There is no intention of suggesting that any of the stars concerned acquired 
the hydrogen at these smallest rates. Also there is, of course, nothing very 
special about the particular bounds here found, beyond the fact that the stars 
in Kuiper’s list happen to typify those which present the problem giving rise 
to the present work. 

The significance of the bounds for p, is that they are all below the maximum 
hydrogen densities that seem actually to occur according to the figures mentioned 
in Section 3.1. On general grounds we have to conclude that the phenomena 
under consideration occur only in clouds where the density is exceptionally 
high. ‘Those figures indicate that an “exceptionally high” density is more 
than 1000 hydrogen atoms/cm*. How much more we have still to infer. At 
any rate, the accretion that then occurs is much faster than that at almost all the 
densities in Table II. That is to say, it is more than what is necessary to compensate 
hydrogen consumption in the accreting stars. 

3.3. The values of My, Uo, 8, p.—The values of .7,* in Table I show that 
the stars of greatest fixed mass that can maintain their luminosity for a time 
of the order of the past life of the Galaxy are those of somewhere about twice 
the solar mass. On the hypothesis being studied, stars now of mass exceeding 
about two solar masses must have existed in the past as stars of smaller mass 
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than at present and must have acquired the additional mass by accretion. But 
all the effects associated with accretion are more pronounced the greater the 
mass of the star concerned. Hence, other things being equal, the stars that 
have experienced these effects must originally have been amongst the most 
massive whose existence does not depend upon these effects. It follows that 
M, corresponding to .€=2 is a suitable initial mass for our calculations. 
However, the effects are enhanced if the stars concerned are members of 
sufficiently close binary systems. Also we have to recognize the possibility 
of a star, that has already experienced accretion in one cloud, experiencing 
further accretion at a later stage. In order to cover such possibilities, we shall 
give results also for M, corresponding to M=5. 

As regards the values of U, to be considered, we have to take those for which 
the accretion effects can be significant. Later, we have to discuss the 
circumstances in which such velocities can occur. We can sufficiently illustrate 
the results by giving them for U,=1, 2, 5 km/s. The speed of sound in the 
interstellar gas is in the range about 0-4 to I km/s. So we need not give results 
for less than 1 km/s, since a star with an appreciably lower speed would behave 
approximately as though it were at rest in the gas. 

We require the parameter § only for the evaluation of t,, x, from (15), (16). 
As explained in relation to these formulae, the effective value of £8 is approximately 
the value of 2In(sU?/GM) for U=U,. Also, the effective value of s was 
estimated as being of the order of one-half the mean distance between the stars 
affected by the processes considered. Were the phenomena to occur in a stellar 
distribution such as that near the Sun, it will be shown elsewhere that only 
about one star in a thousand would be affected. ‘The mean distance between 
such stars would be of the order of 10 parsecs. However, so as not to over- 
estimate the effect, we shall give results for the case of s=1 parsec. ‘They are 
relatively insensitive to the value used. Table III gives the required figures. 


TABLE III 
Values of 21n(sU?/GM) giving for U=U, the required estimates of B 
[s=1 parsec] 
U 1 km/s 2 km/s 5 km,s 
M 
’ 2 solar masses 9°5 
5 solar masses ae’; 


A density given by 
p=2'5 x 10-7! g/cm? (46) 


is just over I 000 atoms/cm* if the mean molecular weight is given by (40). ‘This 
is a convenient density to choose so as to make the results realistic in the 
sense that they will apply to what is normally regarded as a region of high 
interstellar density. The values of ¢,, t,, x, are inversely proportional to p, and 
so they are easily read off for other values of p. 

3.4. Values of t,, x,.—Table IV gives the values of t,, x, calculated* from 
(15), (16) using the values of 8 in Table III and the value of p in (46). 

* The theory applies to a cloud extending indefinitely in all directions. If we consider a star 
that enters a finite cloud from outside, the given values of «, 8 will not hold good in the initial stages 


of the motion. The values of t,, x, are then to be measured from the stage at which the star has 
penetrated sufficiently far for the theory to become applicable. 
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Uo 
Isothermal case (a= 2) 
M,=2 solar masses’ ft; 
x 
M,=5 solar masses 
Adiabatic case (ao) 
M,=2 solar masses 


M,—5 solar masses 


3°1 


4:0» 


2°00 * 


1 km/s 


< 10° years 


2°4 parsecs 


I°5 < 10° years 


I ‘2 parsecs 


10° years 


3°1 parsecs 


10° years 


I°5 parsecs 
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TaBLe IV 


Times and distances for reducing a star to rest relative to a cloud of density 2°5 * 


2 km/s 


20 x 10° years 
32 parsecs 
9°3 X 10° years 
14 parsecs 


25 X 10° years 
38 parsecs 
12 X 10° years 
18 parsecs 


177 


107?! g'cm® 


5 km/s 


260 « 10° years 
990 parsecs 

110 X 10° years 
440 parsecs 


300 « 10° years 
1150 parsecs 

140 < 10° years 
520 parsecs 


3.5. Values of t,—t,.—Table V gives the value of t,—t, calculated* from 
(19) using the value of p in (46) and the value of a determined by (40), (41). 


TABLE V 
Times for large mass-increment in cloud of density 2°5 X 10-7! g/cm* and mean molecular weight 1-4 


Temperature T 30 deg. K 100 deg. K 
Isothermal case (y=1, «’ 
Speed of sound a 
2 solar masses 


5 solar masses 


5odeg. K 
2°24) 

0:77 km/s 

23 < 10° years 
9°4 * 10° years 


0°54 km/s 
8-3 « 10° years 
3°3 X 10° years 


0°42 km/s 
38 x 10° years 
15 < 10° years 


M, te —S 


M, to—t; 
Adiabatic case (y= 3, a’ =0°5) 
Speed of sound a 

2 solar masses t.—f, 
5 solar masses t,—t?; 15 > 


0°54 km/s 0°70 km/s 0-99 kms 
37 X 10° years 80 x 10° years 226 « 10° years 
10° years 32 < 10° years go « 10° years 


Mo 
My 


3.0. Values of t.*, x.*.—Table VI gives for comparison the values of t,*, x,* 
calculated from (20), (21). In the strictly adiabatic case, these quantities are 
non-existent. 

TaBLe VI 
Times and distances for large mass-increment of a star moving at uniform speed U, tn a cloud of 
density 2°5 x 10~* g/cm’ 
Isothermal case (a= 2) 
2 km/s 

460 x 10° years 

940 parsecs 
180 x 10° years 

380 parsecs 


U5 1 km/s 
t + - ? 6 wearc 
2 57 x 10° years 
Xe" 59 parsecs 
t,* 23 < 10° years 
xX—" 23 parsecs 


5 km/s 
7200 x 10° years 
36700 parsecs 
2900 « 10° years 
14700 parsecs 


Mo 


2 solar masses 


AM, 5 solar masses 


3.7. Illustrative example.—These tables could, of course, have been made 
more extensive, but this is not necessary on account both of the simple character 
of the formulae and of the inherently approximative character of any likely 
applications. ‘The only factors in all the formulae that do not follow some 
simple rule of proportionality are those containing £, but this is a slowly varying 
quantity and its variation can be ignored in any small interval of the other 
parameters. 

In order to illustrate the use of the figures given and as an example for 
discussion, consider the following :—A fairly close binary star, each component 

* It is to be noted that the time t,—f, is here calculated from the formula for steady symmetric 


accretion. So faras I have succeeded in further examining the problem, the assumption of a 
steady flow does not lead to any underestimate of the accretion-time. 
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having initial mass equal to two solar masses, enters a cloud of density 
5 x 10°*! g/cm® and gas-kinetic temperature 50 deg. K, with initial relative speed 
1-5 km/s; sufficient interstellar dust is present to render conditions approximately 
isothermal. 

The effective mass M, corresponds to four solar masses. So, having 
regard to the way in which density, mass and speed enter the various 
formulae, and using Table IV, the star is brought to rest in time, approxi- 
mately, } x ?x(1-5)* x 1-5 x 108 = 3:2 x 108 years and distance, approximately, 
kx ?x (1-5)! x 1-2 = 3°8 parsecs. Using Table V, the mass will have reached 
a large value after a further time, approximately, 4 x 3 x 3-3 x 108 = 2 x 108 years. 

Using Table VI, we get corresponding time and distance approximately 
5 x 10’ years and 75 parsecs. 

Thus, according to the full theory, the star would be stopped by the cloud 
within the moderate distance of about 4 parsecs and would acquire a large mass 
in a total time of about 5 million years. On the other hand, a simple application 
of the simplest formulae would have demanded nearly twenty times the distance 
and ten times the duration. 

This is an arbitrarily chosen example. But none of the requirements seems 
to be excluded by our present knowledge of the properties of interstellar matter, 
though this knowledge indicates that the requirements are still somewhat extreme. 
We seem at any rate to have reached the position that, having found all the factors 
entering into the refined discussion to tend to make it easier for accretion to 
operate, it would now be rather surprising to discover that the requirements 
for its successful operation are never quite realized. 


4. Conclusions 

If the theory here presented is correct and applicable then we may 
provisionally conclude that massive stars are produced from less massive 
ones by the accretion process. ‘The mechanism is simply that the interstellar 
material halts the motion of a star through it and then falls into the star. For 
material of given density and kinetic temperature forming a cloud of given size 
(which must be big enough to yield an adequate quantity of material), the 
requirement is simply that the initial relative speed of the star should be 
sufficiently low. Recognizing that the occurrences must be rare, the sample 
calculations and observational results mentioned in the paper strongly indicate 
that all the requirements are to be found realized in the actual Galaxy. It is also 
noticed that, if the phenomena do occur, the demarcation between the stars 
affected and those not affected must be quite sharp, owing principally to the 
sensitivity of the effects to the velocity factors. 

The only element of uncertainty on the purely theoretical side concerns the 
force-formula. The significant densities are such that the flow is “ hydrodynamic’. 
We have been able to give arguments in support of the use of the formula in this 
case, but it has not yet been proved directly. Also, the formula is a “ steady-state” 
formula as derived and some investigation of its use in non-steady conditions 
would be desirable. 

As regards the applicability of the theory, the only physical factor that 
appears to be ignored is the heating effect of the radiation from the star concerned 
upon the neighbouring cloud material. On general grounds this is expected 





No. 2, 1953 The rate of accretion of matter by stars 179 


at most to enter at some stage, when the star has attained great luminosity, to 
produce a cut-off effect. Otherwise there seems to be no obstacle in principle 
to the applicability of the theory. In that case, the main problem is now to 
endeavour in some way to estimate the actual frequency of occurrence of the 
processes. 
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Summary 


Quiescent solar prominences appear to be in static equilibrium and it is 
believed that magnetic fields play an essential role ; the electromagnetic force 
must balance the resultant of the pressure gradient and the force of gravity. 
The static equation for an isothermal atmosphere is derived and a simple 
family of two-dimensional solutions is obtained. This consists of a set of lines 
of force such that any magnetic field with these lines of force can be in static 
equilibrium. A model is obtained which resembles a filament and _ its 
associated coronal arches. 





1. Introduction.—In recent years the belief has grown among solar physicists 
that magnetic fields play an essential role in the phenomena of solar prominences 
and Alfvén (x) has discussed the possibility that their important feature is an 
electrical discharge. The reasons for this belief may be summarized as follows : 

(i) The trajectories of falling material have the general appearance of lines 
of force. 

(ii) Prominences are strongly correlated with sunspots and a large proportion 
of prominences make their first appearance near sunspots. 

(iii) ‘The quiescent prominences appear to be almost in static equilibrium, 
in spite of apparent pressure variations which could not exist in static 
equilibrium, if the only force available to balance the pressure gradient were 
the force of gravity. 

Because of (iii) and the difficulty of treating the dynamical problem 
quantitatively it is expected that insight will be gained by a study of models in 
static equilibrium, the additional force required to balance the pressure gradient 
being due to a magnetic field. Such a static equilibrium has already been 
considered by Menzel (2), who obtained solutions which resemble prominences. 
The electrodynamic side of the problem is briefly as follows. In a perfectly 
conducting gas the variation of the magnetic field is such that the magnetic flux 
linked by any closed curve moving with the gas is constant. In the solar 
atmosphere the conductivity is so large that the decay time of the magnetic field 
is much longer than the life of a prominence, but the Hall electric field must be 
considered; it can be shown that for any solution of the equations given in 
Section 3 the Hall field is irrotational and hence does not contribute to 0H/ot. 
The origin of the magnetic field supposed to be associated with a prominence 
is a separate question, but, remembering the high conductivity of the solar 
atmosphere, the observation (ii) suggests that this field is a remnant of a sunspot 
field. 

The main purpose of this paper is to present a simple exact solution of the 
equation for static equilibrium, under certain simplifying conditions, which it is 
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hoped will shed some light on the general problem. The solution takes the 
form of a set of lines of force having the property that, for any magnetic field 
having these lines of force, a distribution of the gas exists which will be in 
equilibrium with this field. ‘The advantage of such a solution is that the magnetic 
field can be made to vanish outside any region bounded by a line of force and 
hence the problem of convergence at infinity is avoided. Before describing this 
solution the magnetic force will be discussed in a general way. 

2. The magnetic force.—The magnetic force density is jaH/c, where H is 
the magnetic field and the current density j is given for a static field by 


4zj=c curl H. (1) 
Hence jaH c=(H.V)H/47- V(H?/8z7), (2) 


where H=|H|. The first term in (2) depends on the curvature of the lines 
of force and the second represents the ‘‘ magnetic pressure’, H*/8z, the total 
force being perpendicular to H. If pis the gas pressure, the expression (p + H*/87) 
may be termed the “total pressure’’ and horizontal variations of the total 
pressure can result only from the first term in (2). Also, since the magnetic 
force does not affect the variation of p along a line of force, the values of p at 
different points on the same line of force are proportional to exp | — J dz/h|, 
where =z is the height, / the scale height and the integral is taken along the line 
of force. Measurements by van de Hulst (3) of the brightness in eclipse 
photographs of the corona suggest that the electron density in the polar plumes 
varies approximately in this way and the polar plumes are thought to be due to 
a magnetic field. 

‘The material in and above sunspots also is probably in a state approximating 
to static equilibrium. ‘The magnetic field probably causes a low gas pressure 
in a spot and one may then expect a low pressure in the atmosphere above a spot. 
In this case there must be a magnetic force in the atmosphere to balance the 
horizontal pressure gradient, and hence there must be currents in the atmosphere. 
For this reason the model in which the magnetic field over a bipolar spot group 
is taken to approximate to a dipole field is not justified, for it is based on the 
absence of currents in the atmosphere. ‘The postulate that H* p is constant 
on a line of force, which is exactly true for the model described in this paper, 
probably gives a better approximation; H then decreases exponentially with 
height instead of following an inverse cube law. 

The model described in this paper and Menzel’s models are all two- 
dimensional, and it should be noted that they are unstable. Their stability may 
be discussed by considering movements of the gas in which the magnetic lines of 
force are regarded as moving with the gas. ‘The magnetic energy [H*dV/87r 
contained in a tube of force increases with the length of the tube if the volume 
remains constant, so that the energy of a toroidal tube of force can be reduced 
by radial contraction accompanied by expansion in the direction of the axis of 
the toroid, as shown in Fig. I (a); the tube becomes a long thin cylinder as in 
Fig. 1 (6). A topological argument now shows that, if there are no linked lines 
of force, the magnetic energy can be reduced to zero. By splitting each tube into 
smaller tubes, separating these and contracting them, and by repeating the 
process indefinitely, each line of force can be shrunk to a point. Thus any 
magnetic field containing no linked lines of force is unstable, but it is hard to say 
whether this instability is important for the solar applications. 


io) 
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3. The simplified model.—We now consider the simplitied model in which 
the temperature and composition of the gas and the gravitational field are all 
uniform. ‘The equation to be solved is the static equation 


jaH/c+pug—Vp=o, (3) 


where y is the mass density and the gravitational field g is constant and equal 
to —g in the z-direction. It is convenient to write 


bg =ap 
with x =h-=mg/kT, 


where m is the mean ionic mass and T is the temperature ; / is then the scale height. 
We now restrict the model to be two-dimensional: all variables are 
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Fic. 1. 


independent of the coordinate y and H, is zero. We may then introduce a 
vector potential which has only a y-component, 4, so that 
H = —0A/0z, 
H.= dOA/dox. 
Equation (4) shows that A is constant on a line of force. Also (1) shows that j 
has only a y-component j given by 


ys eg ee 
I~ ~ tae * Ox2)° 


The x- and z-components of equation (3) are 


(4) 


and 


Introducing g=p e“, (7) may be written 
{4 a. 
cos. os. 

From (8) and (6) we obtain 
0qox dA/Ox 
0g0z dA/dz° 
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Hence q is a function of 4, and is constant on a line of force. Since q is a 
function of A, we obtain 
j=ce™ dqjdA (9) 
by dividing (6) or (8) by 0A/dx or 0A/dz respectively, so that (9) is true unless 
H vanishes. Equation (9) shows that e%*7 is a function of A. 
4. A particular family of solutions.—The family of solutions described here 
is defined by the lines of force. The condition is imposed that 
for any magnetic field having these lines of force, a distribution 
of the gas exists which will be in equilibrium with this field. (A) 
The lines of force may be defined by the vector potential A of any field having 
these lines of force; the lines of force are the lines of constant A by (2). Hence, 
if B is the vector potential of another field having the same lines of force, 
B is a function of A, and, if the suffixes A and B refer to quantities derived from 
the vector putentiols A and B respectively, we obtain from (5) and (4) 


— ,4°B 

jn=ia94 ~ aa 4 7B (10) 
Now the condition (A) requires that (9) should be true for jg and since B is a 
function of A, e“jg must then be a function of 4A. Then (10) shows that 
e“H,° must be a function of A. This is in fact the condition that, if the magnetic 
tield vanishes outside a region bounded by a line of force, the magnetic force 
on the bounding surface can be balanced by a discontinuous change in gas 
pressure proportional to e%*. It now follows that there will be a function C 
of A which satisfies the equation 


Hf =e. (11) 
It is convenient to use C to determine the lines of force. From (11) and (4) we 
may put ac 
ee“? sin f= — =—* = Hoy, 
ac ssi 
e “ cos p= ox = He, 
eC 


and then aC “2 sin b)=— ade = 


-Z¢ 072 Cos ys) 


giving (cos ys ar — sin bs.) =a cos ws. (13) 


Now for a line of force dx/dz=tan % and for a curve orthogonal to the lines 
of force dx/dz=—cot ys. The left-hand side of (13) is the curvature dj/ds of 
such an orthogonal, so that the orthogonals can be obtained by integrating 

dis 

—- =a. I 

dx? (14) 
Equation (14) shows that the orthogonals and hence also the lines of force are 
periodic in x with period 47/%. We may therefore use the conformal trans- 
formation E+ in =e-we +a, 


€ and » are periodic in x. Then 


ee Se ke 
ge “ig = He +i (15) 
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and from (5) ie? ~ gee (SE + =) 
and (11) becomes (0C/0&)* + (AC /0n)? = 42°. 
sin o=—- ka0C On, 
cos ¢ = 4a0C/0E, 
and obtain (cos 60/0€ — sin 60/dn)d =0. (16) 
Equation (16) shows that the orthogonals are straight lines in the (€, ») plane. 
’ ~~ oC 0 0 
= = a ee Se ie a — ee 5 
Also from (15) ix (E + =) (sin $5¢ +008 65.) 4 (17) 
Now (9), (5) and (17) yield 
r 0 0 _ 3a dq ' 
(sin 4 +0062) b= 2. (18) 


The left-hand side of (18) is the curvature of a line of force in the (€, 7) plane 
and, since the right-hand side is a function of C, this must be constant for a line 
of force. The lines of force are therefore circles in the (€, 7) plane and, since their 
orthogonals are straight lines, they are concentric circles. It is easily verified 
that if A is any function of F=(£—£)* +()— 7)", where & and ym» are constants, 
(9) is satisfied, since aF\2 aF\2 

(3) + (3) -# 
CF OF 


Instead of (12) we put 


and 


= + a = 4. 

0&* On* 

Changes in &) and 7) correspond to movement of the origin of x and 3, and it is 
convenient to put £;=1 and y)=0, giving 


F=e% —2e “/? cos fax +1. (19) 


The lines of force determined by F=constant are shown in Fig. 2. They are 
closed loops for F<1 and infinite wavy lines for F'>Tr. 
Since A is now a function of F we have from (4) 


H2 =e * F(dA/dF)? 


; : ca® dA d*A 
and from (5) —-—e"|— + F—  }. 
(5 la-- (5 dF 
ar®/dA aA dq/dF 
47 \dF dF*?} = dA/dF 
or, multiplying by dA/dF, using (20) and replacing g by pe™, 
© an _ sE32 (Qe F 
—, {e% (p + H?/87)! = —e“H?/8rF. (22) 
dk 
Given H, equation (22) determines p apart from an arbitrary constant which 
must be chosen large enough for p to be positive everywhere. Since from (19) 
F is positive, the right-hand side of (22) is negative and e%(p + H*/8z) increases 
as F decreases. 
5. Discussion.—It has already been pointed out that solutions in which the 
magnetic field vanishes outside a certain region are of interest; thus we may 
consider a solution in which the magnetic field is confined to the region between 


Then from (9) 





No. 2, 1953 Solutions of the magneto-hydrostatic problem 5 


two of the infinite horizontal cylinders generated by projecting the closed loops 
in the y-direction. ‘The situation may be specified by the quantity of matter 
inside the inner cylinder, and in the region of the magnetic field by the quantity 
of matter inside any cylinder, as a function of the value of A on that cylinder. 
It is probable that the equilibrium configuration for a system specified in this 
way is unique and, since the family of solutions discussed above contains a 
solution for any such specification, this would then be the unique solution. 








Fic. 2. 


Equation (22) shows that the total pressure at a given height increases with 
decreasing F, so that the total pressure is largest for the inner cylinders. ‘This 
is due to the first term in (2), which represents a tension in the lines of force and 
so increases the pressure on the concave side of the lines of force. Ona horizontal 
line passing through the above model the gas density just inside the outer 
cylinder is reduced by the magnetic field, but in the inner cylinder the density 
is increased above the normal value. Mechanical equilibrium requires that the 
total mass contained by the outer cylinder should be the same as it would be in 
the absence of a magnetic field; otherwise it would float upwards or sink. 
Consequently the gas pressure inside the inner cylinder may be substantially 
larger than the normal pressure at the same height. ‘This effect is similar to 
the constriction of a discharge, which has been discussed by Alfvén (1). 

If this model is to be relevant to solar phenomena, the dimensions of the 
latter must be comparable with the scale height. At the photosphere g is 
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2°8 x 10cm sec’ and the temperature varies from 5 000 deg. K in the reversing 
layer to about 10° deg. K in the corona. ‘The radius of the photosphere 7, is 
7 x 10" cm and the scale height / varies from 79/5 000 in the reversing layer to 
r,/25 in the corona. The horizontal width of the closed loops in Fig. 2 cannot 
exceed 27h, and closed loops which are much smaller than this are approximately 
circular. 

If the magnetic field causes a notable variation in the gas pressure, (22) shows 
that the magnetic pressure must be comparable with the gas pressure, that is 
H*~8zxp. Sunspot fields are known to be of this order at the level of the 
photosphere; in the upper chromosphere where p~1 dyn/cm’, a field of about 
5 gauss is needed. 

Prominences are almost certainly regions of high pressure; this increases 
the radiation loss and explains why prominences are cooler than the surrounding 
corona. ‘The high pressure may be caused by a magnetic field in the way 
illustrated by our model. Most quiescent prominences appear on the disk as 
dark filaments; M. and Mme. d’Azambuja (4) have given as typical dimensions : 
width ~7,/100, length ~r,/3 and height ~r,/20. Since their length is so much 
greater than their width a rough model for these might be obtained by taking 
a suitable length of the cylinders in our model and neglecting the lack of 
equilibrium at the ends. The filament would then be the inner cylinder, where 
the pressure is high, and the y-axis would have the direction of the filament. 
On the other hand the temperature of prominences is about 2 x 104 deg. K and 
since the surrounding corona is at about 10° deg. K the isothermal model must 
be seriously wrong in some respects. Other types of prominence, besides being 
relatively short-lived, are wispier in appearance and are usually composed of 
many streamers. 

There seems to be better justification for applying our model to the coronal 
arches observed above prominences, because these are likely to be more nearly 
isothermal. ‘They are seen in white light at eclipses and are common features 
of the corona. They are difficult to photograph, but can be seen in drawings (5) ; 
there are usually several concentric arches alternately dark and bright, with a 
bright centre. The brightness in the corona is proportional to the line-of-sight 
integral of the electron density, so that the dark arches have a low density and 
probably a low gas pressure; this can be explained by the existence of magnetic 
fields in the dark arches. 

A system of arches resembling those observed can be obtained from the upper 
parts of the closed loops in our model, with a suitable choice of A. ‘The arches 
are bounded by cylinders generated by projecting the lines of force in the 
y-direction, and hence the y-direction must be nearly the direction of the line 
of sight. The model explains why the arches are associated with a prominence 
and predicts that this is a filament directed in the line of sight, that is east-west 
on the Sun. No data are available to check this, but the orientation of filaments 
is closely correlated with their heliographic latitude and filaments lying nearly 
east—west occur at latitudes greater than 50°; although arches can be found at 
all latitudes the most pronounced occur near latitude 60°. Assuming a 
temperature of 10° deg. K, the model predicts that the width of the arches should 
not exceed 7/4; arches are observed with widths up to twice this value. 
Photometric measurements by von Kliiber (6) show that the electron density 
in the dark arches must be an order of magnitude less than the density in the 
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normal surroundings, and that the extension of the dark arches along the line 
of sight must be a considerable fraction of the solar radius. 

In conclusion, the model described in this paper is useful as an illustration 
of the effect of the magnetic force. Although it is too simple to apply directly to 
prominences, the points of similarity encourage the belief that the same physical 
effects are important in prominences. 
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FIELDS MOVING IN THE CHROMOSPHERE AND CORONA 
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Summary 


Numerous theories of solar phenomena depend on electric fields induced 
in the solar atmosphere by the movement of sunspot magnetic fields. These 
include theories of flares (Giovanelli’s), prominences, cosmic rays and sunspot 
radio noise. They do not take account of mechanical reactions between the 
magnetic fields and the conducting gas; when this is done the theories are 
found untenable. 





1. Introduction.—During the past two decades a number of theories of solar 
phenomena have been proposed, all depending on the effects of electric fields in 
the gases of the Sun’s atmosphere. According to the theories such fields are 
induced by the relative motion of gas and magnetic fields, either spot fields or a 
general field. 

The theory which has attracted the most attention, at least in recent years, is 
Giovanelli’s theory of flares (1,2). A number of other theories are concerned with 
the origin of cosmic raysinthe Sun’s atmosphere. Of these, the earliest by Swann 
(3) and the most recent by Riddiford and Butler (4) might be mentioned. Other 
theories are concerned with the origin of prominences (5, 6) and yet others with 
sunspot radio noise (7, 8). 

It has been shown by Chapman, Ferraro, Alfvén and, in particular, by Cowling 
(9g) that at photospheric and lower levels, mechanical reactions between magnetic 
fields and the solar material are important in determining relative motion of gas 
and magnetic fields. ‘The same may be true in the chromosphere and corona, 
but in spite of this the effect has not been considered in the above theories. 

In the present paper conductivities in the regions concerned are estimated and 
likely effects of mechanical reactions are considered. When these effects are taken 
into account, the various theories referred to above are found untenable. 

2. Conductivity in the chromosphere and corona.—The mechanical reaction 
between a magnetic field and gas in relative motion depends on the electrical 
conductivity of the latter. It is first necessary, therefore, to consider the values of 
conductivity in the regions concerned. 

In any ionized gas permeated by a magnetic field there are four conductivities 
to be considered: o, is the conductivity along the magnetic field and, since it does 
not affect the mechanical reactions, it need not be considered further. ‘The 
“ direct’ conductivity o, is in the direction of the electric field and perpendicular 
to the magnetic field. The Hall conductivity o, is in a direction perpendicular to 
both the electric and magnetic fields. A conductivity a; is found in the direction 
of the applied electric field when the Hall current is prevented from flowing. 

Values of o, and o, in sub-photospheric layers have been investigated by 
Cowling (9). He finds that the equations for a binary gas (electrons and positive 
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ions only) are sufficiently accurate and that in generalo,<o,. Inthe chromosphere 
and corona, collisions between ions are still much more numerous than those 
with neutral atoms, so that the binary gas formulae are still applicable. 

They are* : 


newt newt" 
~ H(1+*7*)’ 


07; 03g >= 


H (1 + w*7*) 
G3==0,(I + 05"/0,") =newr/H, 


where H is the magnetic field strength, w = He/m and m, e, n and 7 are the electron 
mass, charge, number density and collision period. ‘The value of 7 is given 
approximately by 7°*/20n in the chromosphere and T**/50n in the corona. In 
general, above sunspots wr >1. For example, in the lower chromosphere where 
n=10!!cm ® say and T'=5 000 deg. K, wr~300 for a field of 100 gauss. In the 
lower corona w7~10 for a magnetic field of one gauss and is increasing upwards. 

It is evident, therefore, from the above equations that o; > a, >, in the regions 
concerned (that is, regions above sunspots). Values of conductivity in the chromo- 
sphere have been estimated by Giovanelli (1) in connection with his theory of 
flares. His equations differ from those above and he finds o,<o,._ He appears, 
however, to have used the equations for a lightly ionized gas which hold when 
collisions with neutral atoms predominate. These equations are not applicable 
in the chromosphere or corona. However, even if they were, the conclusions 
reached below would be unchanged. 

3. Mechanical reactions.—Cowling (9) has shown that conductivity is not the 
most important factor in determining electric fields and currents in the region 
below the photosphere. Because of the currents induced in it, a mass of gas 
moving across a magnetic field H with velocity v experiences a retarding force 
—o,H*v per unit volume. ‘This force destroys the relative velocity of the gas and 
field in time of the order p(c,H*)"!, where p is the mass density of the gas. __In the 
regions he considered and for H > 10 gauss the time is a fraction of asecond. He 
listed three conditions when relative motion might continue : 

(a) When maintained by an accelerating force, a pressure gradient being a 
special case. 

(6) When the gas becomes electrically polarized so that the induced electric 
field Hv is neutralized. 

(c) When the interior of a moving mass of gas is shielded from the external 
magnetic field by currents induced in the surface layers. 

It is evident that these considerations will also apply for sunspot fields moving 
in the chromosphere and corona. ‘The fields will tend to move the gas rather than 
penetrate it. ‘This will result in a decrease of the electric field induced in the gas, 
an effect which may be important in the theories listed above. 

The current due to an induced electric field may have components due too, and 
to either or both a, ando;. When oz, is small, as in the case dealt with by Cowling, 
only the first component is important and the mechanical reaction —o,H?v is 
in the direction of motion. When gy is not small, however, the retarding force 
depends on all three conductivities and is not usually in the direction of motion. 

Consider a left-handed system of mutually perpendicular axes with a static 
magnetic field parallel to Oz and a force F per unit volume of the gas applied 


* C.g.s. electromagnetic units are used throughout. 


I4 
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along Ox. Movement of the gas along Ox causes an electric field E and current 
o,E along Oy anda force —o,HE along Ox. Ifthe Hall current zs allowed to flow, 
then a current o,E£ along Ox and a force o,HE along Oy result. The actual 
direction of movement of the gas is, therefore, in the plane xy but not in the direction 
Ox. Let us assume that it is at an angle @ to Ox (in the direction of Oy), the speed 
beingv. The electric fields along Ox and Oy are — Hvsin@, Hv cos 6 respectively, 
and the currents are 
Je= —%, Hvsiné +o, Hvcosé, 


J, =o, Hvcos6+o, Hvsiné. 


The electromagnetic forces along Ox and Oy are — Hj, and Hj, respectively. If 
these are equated to the external forces F and zero we have: 


F =o,H*vcos@ +o, H*vsin8@, 
0= —o, Hvsin#@+ 0, Hvcos8. 
Solving we have: tan 0=0,/o, 
and F= H°*v(o, cos6 +0, sin8@). 


In the regions of the solar atmosphere with which we are mainly concerned 
o,> 0, so that @~7/2 and F~o,H*v. In other words the gas moves across the 
magnetic field in a direction nearly perpendicular to the force causing motion. 
The relative velocity is controlled by the Hall conductivity and not, as at lower 
levels, by the direct conductivity. Since o,>o, the motion is much slower and 
induced electric fields much less intense. 

If the Hall current zs not allowed to flow, then the conductivity o, becomes 
effective. The force opposing motion of the gas is — 0,H*v and as o, is even larger 
than o, the value of v is yet smaller. What motion there is takes place in the 
direction of the applied force. 

It is concluded that for the purpose of finding the mechanical reactions and 
hence rates of penetration of magnetic fields and chromospheric gases, the effective 
conductivity lies between o, ando3. The actual value is not important here and o, 
may betakenasalowerlimit. In fact, even if the Hall current itself were neglected, 
the direct conductivity o, is generally large enough to be a major factor in deter- 
mining relative motion of gas and magnetic fields. 

In the following sections the above considerations are applied to the various 
theories concerned. 

4. Giovanelli’s theory of flares.—Of the many theories depending on electric 
fields induced by the movement of sunspot magnetic fields, Giovanelli’s theory of 
chromospheric flares (1, 2, 10) is developed in the greatest detail and for that 
reason is given most consideration here.* Most of the objections raised appear to 
be equally applicable to a flare theory of Hoyle (13), which differs little from that 
of Giovanelli. 

(a) Induced electric fields. —Giovanelli (1) estimated the electric fields induced 
near sunspots by reference to the solution of the well-known problem of the 


* Some lack of agreement between observational results and the theory of flares has already been 
pointed out by Newton (11) and Ellison (12). The theory predicts flare occurrence during the stage 
of spot development, whereas the great flares tend to occur when the spots have reached maturity 
and the rate of growth isa minimum. There is also frequent lack of agreement between the location 
and extent of flares (particularly very large ones) observed and those indicated by the theory. 
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electromagnetic field in a conducting medium surrounding a magnetic dipole of 
oscillating moment. Rates of propagation of the magnetic field and the resulting 
electric fields were then found. 

The main deficiency in this treatment is that it overlooks the effects of 
mechanical reactions. On investigation these are found to be of prime importance. 
Thus, if Giovanelli’s own values of conductivity and mass density are used, it is 
found that even a weak magnetic field will accelerate the chromospheric gases to 
nearly its own velocity in a second or less. In a particular example given in the 
theory (p. 345) a magnetic field of strength 100 gauss penetrates a region of 
electron density 10'cm™* and conductivity 7-1 x 10°-e.m.u. with a velocity 
1:'2x104cmsec'. ‘This rate of penetration provides an electric field of the right 
order for the flare theory. However, unless the special conditions mentioned in 
Section 3 (and discussed below) hold, the relative velocity of gas and field will be 
dissipated in time of the order p(o,H?)"!. ‘The value of p(2) is about 10°'° gcm~’, 
so that the time interval is about 10~*sec, after which the gas and field would 
move together and no electric field would be induced in the gas. If, instead 
of Giovanelli’s values of conductivity, those derived from the equations of 
Section 2 above are used, the situation is unchanged. In the above example the 
value of o, should be about 1-6 x 10° e.m.u., so that the mechanical force on the 
gas is somewhat larger. 

It remains to consider the three special conditions of Section 3 even though 
these have not been invoked in the flare theory itself. 

Condition (a) might be satisfied if gravitational or hydrodynamic forces were 
sufficiently large. Inthe example cited above, the electromagnetic force per unit 
volume o,f/*v is about 2 x 10-dyn and the gravitational force 1-4 x 10-* dyn. 
In order that the two forces should be in equilibrium the value of v and hence of 
the induced electric field must be reduced by a factor greater than 10°. The actual 
value would be negligible. It is quite unreasonable to postulate hydrodynamic 
forces of unknown origin of the order 10° times solar gravity; in fact if such forces 
did exist they would, in a very short time, provide plenty of particles of sufficient 
energy to provide a flare without resort to the theory under discussion. The effects 
of viscosity have been investigated and although the coefficient of kinematic 
viscosity* is large in the chromosphere (of the order 10° c.g.s. units) and enormous 
in the corona (of the order 10% c.g.s. units) it is not likely to be important in the 
present investigation. For example, the effect, due to viscosity, of a spot field 
moving in the lower corona at 10°cm sec"! (an apparently reasonable value) 
would only extend to about 100km beyond its boundaries. ‘This is negligible 
compared to the total extent of the field. 

Condition (6) applies when no complete circuit of suitably high conductivity 
is available through which the “direct”’ current may flow. Polarization is then 
set up, reducing the electric field and hence the currents and mechanical forces. 
There is no doubt that, in general, some polarization is set up to drive the currents 
through parts of the complete circuit free of the induced electric field. However, 
the space charge produced by polarization is rapidly dissipated through the 
surrounding gases which have comparable or higher conductivity. An exception 
may be found in the case of very violent outward motion of material assumed in 
certain theories of magnetic storms. In this case the moving gas is presumably 


* The values quoted were derived from the formulae of Chapman and Cowling (14) for regions 
free of magnetic fields. If such fields are present the viscosity is much reduced. 


14* 
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surrounded by gas of lower density and conductivity, and the relative velocities are 
perhaps a thousand times greater than those which concern us. We conclude 
that while polarization will generally decrease mechanical reactions, and in extreme 
cases may be important, its effect in connection with the flare theory (and the others 
mentioned) is unimportant. A similar conclusion was reached by Cowling in 
connection with movements below the photosphere. 

Condition (c) does not concern us here as it merely concedes the possibility of 
relative motion between the sunspot field and those parts of the solar atmosphere 
not permeated by the field, being shielded from it by the circulating currents. 
Such relative motion will not, of course, result in induced electric fields as required 
by the flare theory. 

It is concluded that appreciable relative motion of sunspot magnetic fields and 
gas permeated by the field is not possible, that induced electric fields of the order 
estimated in the theory do not occur and that the flare theory must, therefore, be 
rejected. Other contrary evidence is discussed in the following two sub-sections. 

(6) Critical electric fields—An important part of Giovanelli’s flare theory 
relates to the gain of energy of an electron moving in an ionized gas under the 
influence of an electric field. He shows (10) that because the electron suffers 
fewer collisions with positive ions as it is accelerated, there is a critical field above 
which the electron continues to gain energy indefinitely (or until limited by 
excitation processes). This sudden increase of current constitutes a discharge 
which is thought to produce the flare. This theory is then applied (2) to growing 
sunspots, and regions where the induced electric field E exceeds the critical field E, 
are sought. ‘These regions are considered likely sites for flares. 

This treatment does not appear to be valid as it ignores the distribution of 
electrostatic charges around the circuit in which the discharge is presumed to take 
place. The total current 7 in a circuit where the conductivity is o, the area of 
cross-section S and the induced electric force E is given by 


i-oS(E-5"), 


where OV /dx is the gradient of the electrostatic potential V around the circuit. 
Now consider a section of the circuit where oS is much larger than elsewhere. 
In approaching a steady state (E—0V/dx) becomes small, most of the electric 
field available around the circuit being transferred elsewhere. Conversely, where 
aS is much smaller than elsewhere the electric field becomes large. In the steady 
state 7 is everywhere equal. ‘The condition oS large applies, according to the 
theory, in the flare region when the critical field is exceeded. The converse 
condition oS small applies elsewhere, perhaps most markedly near the photosphere, 
where the large number of neutral hydrogen atoms should limit the conductivity. 
Evidently when the discharge current starts to flow, the electric field in the critical 
region will be transferred elsewhere and be ineffective.* 

The above objection to the flare theory might be overcome if the flow of current 
concerned were purely transient, lasting perhaps for a fraction of a second. 
Observational data suggests that this is not so, however, and in any case the effects 
of electrostatic charges would have to be considered most carefully in the theory. 


* A difficulty of this nature was mentioned by Dr D. F. Martyn during a discussion of the theory 
in Canberra in 1946. 
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Another objection to the flare theory, which might be even more important in 
limiting the flow of current, is the effect of self-inductance. This has been dis- 
cussed by Alfvén (1§) in connection with a circuit of roughly the same dimensions. 
He finds that when an electromotive force is applied, the time taken for the current 
to build up to a substantial proportion of its limiting value (determined only by the 
ohmic resistance) is many years. During the early part of this period the current 
is determined almost entirely by the inductance, only one part in about 10° of the 
electromotive force being available to overcome ohmic resistance, that is to 
accelerate the electrons and initiate the discharge. ‘This objection to the theory, 
like the preceding one, is raised by the fact that along most of the current path the 
magnetic field is not moving across the path and so is not causing an electric field 
which would help to drive the current. 

It is concluded that even if the electric fields as envisaged in the theory were 
available, they would not be able to cause the discharges thought responsible for 
flares. 

(c) Characteristics of the spot and general magnetic fields.—Further objections 
to the flare theory are posed by the characteristics of the spot and general solar 
magnetic fields, which appear to differ from those assumed. ‘The spot field 
assumed is that of a dipole of increasing magnetic moment, growing in situ. ‘The 
general magnetic field assumed is that corresponding to strength of 50 gauss at the 
poles and 25 gauss at the equator. 

Cowling (16) has shown that the period of decay of the field associated with an 
average spot is probably hundreds of years, and he concludes that the field must 
exist both before and after the visible spot. Experimental evidence now suggests 
that the general magnetic field of the Sun, if it exists at all, must be of the order of a 
gauss or less. Each of these likely conditions, a marked departure from the 
assumed ones, requires consideration in relation to the theory. 

If mechanical reactions are neglected for the moment, then the spot magnetic 
field may be considered as a horizontal dipole field moving vertically upwards 
through the solar gases. ‘The induced electric fields are then everywhere 
horizontal and perpendicular to the lines of force of the dipole field. Any electric 
currents would then be likely to flow around paths outside the whole dipole field. 
As far as the flare circuits suggested in the theory are concerned, these would have 
opposite electric fields induced in their upper and lower sections, only the difference, 
which is probably small, being effective. Even if no relative movement of the gas 
and magnetic field below the photosphere is assumed, the probable electric field 
dispositions and those assumed in the theory differ sufficiently to require 
consideration. 

‘The existence of a general magnetic field is an essential part of the flare theory ; 
by distorting the spot field it provides current paths of low conductivity passing 
through regions where high electric fields occur. ‘The absence of such a field 
would appear to raise further difficulties. 

5. Theories of prominences.—Theories of prominences as electric current 
systems have been proposed by Alfvén (5, 15) and Giovanelli (6). 

According to Alfvén’s theory, electric fields are induced in the low chromo- 
sphere by the horizontal movement of material across a spot magnetic field. 
Observational evidence of such movement is provided by the differential motion of 
flocculi, which suggests a vortical motion of material near a sunspot. Other 
motions of material which may, according to the theory, provide effective electric 
fields are the observed motion radially outward above a spot and the differential 
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solar rotation in the vicinity of asunspot. It is suggested that some prominences 
are due to electric discharges caused by these electric fields, the circuit being 
completed along magnetic lines of force and then beneath the photosphere some 
distance from the spot. 

The objection to this theory is the difficulty of explaining the large forces 
necessary to sustain the observed movement of the gases if such movement is 
across the spot magnetic field. In an average case of vortical motion the electro- 
magnetic force opposing such motion would be about 10% times the gravitational 
force on the same gas. A correspondingly powerful force would be necessary 
to sustain the motion. Observations of chromospheric phenomena show that 
gravitational forces, while perhaps not dominating the situation, do play an 
important part. Such would not be the case if other sustained forces of the order 
required were present. It is concluded, therefore, that the observed motions are 
probably not across magnetic fields. Either the magnetic field is moving with 
the material or the motion is along the lines of force. 

Further evidence in favour of this conclusion may be mentioned briefly. It is 
shown in Section 3 that the direction of relative motion of a gas and a magnetic 
field is not that of the force causing it. This effect might cause a distortion by 
twisting of the spot magnetic field as it emerged into the chromosphere and so 
explain subsequent vortical motion of gas. Cowling (16) has shown that gas 
moving radially outwards from a spot is likely to be following the magnetic lines of 
force as they curl out and disappear below the photosphere. Finally, the effect 
of differential rotation, apart from distorting the spot field and the lines of hydro- 
dynamic flow in its neighbourhood, would be small. For example, in the vicinity 
of an average spot the viscous drag due to differential rotation is about 
10° %,4dynem-’, « being the coefficient of viscosity. The corresponding 
electromagnetic force for a magnetic field of 100 gauss and conductivity 10-%e.m.u. 
is2-5dyncem-*. As vis not likely to be greater than unity, the effect of viscosity is 
negligible. 

It is concluded that the observational data on which Alfvén’s theory is based 
may be explained more readily in terms of gas movement either with or along the 
magnetic field, in which case the mechanism is ineffective. 

Giovanelli’s theory of prominences (6) is an extension of his flare theory 
discussed above. He suggests that prominences are due to Hall currents caused 
by the same electric fields he holds responsible for flares. It has been shown that 
electric fields of the order required are not induced, so that the prominence theory 
must also be abandoned. Another reason for rejecting the theory is that the 
equation used for determining the Hall current refers to a lightly ionized gas and is 
not applicable in the regions concerned. If the correct equation is used the 
situation is entirely different; instead of a general movement of electrons and 
positive ions in equal quantities, there is a true current flow. ‘This raises the 
same difficulties dealt with in Section 4(6) concerning the need for a complete 
circuit of low self-inductance and resistance. 

6. Theories of cosmic rays.—A number of theories have been proposed of the 
acceleration of cosmic-ray particles in the vicinity of sunspots. Of these it is 
appropriate, perhaps, to mention the earliest, that of Swann (3), and the most 
recent, that of Riddiford and Butler (4). In common with the theories discussed 
in Section 2, these envisage electric fields induced in the solar atmosphere by the 
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changing magnetic fields of the spots.* Similarly, they fail to take account of the 
mechanical reactions between the magnetic field and the gas and of the consequent 
movement of the gas. When this is done the theories are found untenable 
because the induced electric fields on which they depend largely vanish. 

We will confine more detailed discussion to the recent work of Riddiford and 
Butler. They postulate a magnetic field “‘constant in space but rising 
linearly with time” and also assume that the field is “‘ uniform within the region of 
interest’’. ‘The first postulate appears fundamentally impossible. Even if the 
spot magnetic field is assumed to grow in situt, account must be taken of the finite 
rate of propagation of the magnetic field away from a growing dipole (or more 
complicated system of magnetic elements). The problem in its simplest form, a 
single continuously oscillating magnetic dipole in a homogeneous isotropic con- 
ducting medium, has been used by Giovanelli (1) in his flare theory. The 
well-known solution has the form 


H=Ce-tot-ko, 

where H is the magnetic field in a plane through the dipole and perpendicular to 
it, w/27 is the frequency of oscillation, dis distance from the dipole and k a function 
of the electric and magnetic properties of the medium. C isa constant depending 
on k andd. The exponential term shows that the magnetic field spreads at a 
finite rate, reaching its maximum value later at points more distant from the dipole. 
It would seem that the assumption is not justified. The actual problem is one of a 
magnetic field moving in and with the solar gases. The induced electric field 
experienced by the gas as a whole is negligible. 

The position is not retrieved if it is assumed that particles exist which do not 
share the gas velocity and hence may be accelerated. Again, the reason is that the 
bulk of the gas and the magnetic field move together. Hence the rate of change of 
total flux within a given region and the field strength at the boundary are not 
independent; they are related through the velocity of flow of gas which carries the 
field into the region. For example, if the magnetic field H is uniform within a 
cylinder of radius 7, then the radial velocity of flow of the gas into the cylinder is 
_ + dH 
- 2H" dt ° 
2 x 10°cm and dH dt is 0-3 gauss sec”! so that vH = 3 x 10° gausscmsec™', and if v 
has any reasonable value then H is so large that the orbit of the proton being 
accelerated, and hence its gain in energy, is small. ‘Thus, if v has the rather large 
value of 10’cmsec ', H=30gauss. The radius of gyration of a t000eV proton 
(much higher than the average thermal energy) is only about 150 cm and the energy 
gained is trivial. In the example of Riddiford and Butler the initial radius of 
gyration is 2 x 10°cm which, even for a proton of energy as high as ro* eV, corre- 
sponds to a value of H of the order 10~* gauss, which may be compared with the 
value of 30 gauss found above. ‘The difficulty cannot be overcome by adopting a 
very small value of dH dt, as this leads to an excessive time of spot development and 


given by @ In an example of Riddiford and Butler (p. 449) r is 


* These theories have previously been criticized on the general ground that if one electron is 
accelerated, then all electrons in the region concerned will also be accelerated; the gas will *‘ short 
circuit’ the electric field. In the present discussion the criticism is made more specific by indicating 
the effect of such a short circuit. 

+ As indicated above, it is more likely that the spot field exists before and after the spot. In this 
case the postulate is obviously untenable; conditions may approximate rather to the reverse, namely 
a field constant in time but varying in space. 
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to other difficulties. ‘The betatron action envisaged does not seem possible in the 
solar atmosphere. 

There are likely to be further objections to the theory, such as the effect of 
collisions of the accelerated particles, and also perhaps the diamagnetic effects 
of thermal ions inthe very weak magnetic fields required. The marked difference 
in form of a spot magnetic field from the idealized model used is likely to raise 
further difficulties. 

Similar objections to those given above are likely to apply to the other theories 
of cosmic ray acceleration in sunspot magnetic fields and also in stellar magnetic 
fields (see for example Alfvén (17)). 

It may be appropriate to mention here a theory of cosmic rays due to Richtmyer 
and Teller which depends on an extended magnetic field around the Sun. 
Alfvén (18) has proposed a possible mode of formation of sucha field. He suggests 
that if a perfectly conducting body moves in a perfectly conducting medium 
permeated by a magnetic field, the former develops a toroidal magnetic field of 
much greater strength than the general field. ‘This field is due to currents caused by 
an electric field Hv induced in the conductor moving with velocity v relative to the 
surrounding medium. As this mechanism is only suggested tentatively, a detailed 
discussion is not justified. However, the formation of a toroidal field as described 
by Alfvén does not appear to be justified. Onentering the magnetized medium the 
body develops a system of currents on its surface. ‘These insulate the interior of 
the body from the magnetic field and provide mechanical reactions which retard 
the movement and force aside both the magnetic lines of force and the medium. 
The body then moves through the medium like a solid through a liquid, the magnetic 
lines of force bending to follow surfaces of flow. If the conductivities of the 
media are not (as assumed) infinite and the body has become permeated by some 
magnetic lines of force, then the picture must be modified somewhat, but still not in 
accordance with that given by Alfvén. 

7. Theories of high-intensity sunspot radio noise.—It has been suggested by 
Giovanelli (7) and Ryle (8) that the intense radio noise radiated from the vicinity 
of sunspots may haveathermalorigin. ‘The necessarily high electron temperatures 
invoked (10!° deg. K or more) are thought due to acceleration of the electrons in 
electric fields induced by magnetic fields (either spot fields or the general field) 
moving relative to the gases of the corona. 

Considerable evidence contrary to these theories has already been advanced by 
Piddington (1g). It now appears that, in addition to this evidence, the suggested 
heating mechanism is open to doubt. ‘The magnetic fields, instead of moving 
through the coronal gases and so inducing in them substantial electric fields, 
simply carry the gases with them. Electric fields of the order required are not 
induced. 
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Summary 


A new transformation of the integral equation of limb-darkening is 
described, which reduces it to a well-known form. The solution for the 
source-function is carried out by the most convenient method available, and 
the results are compared with those previously obtained by other workers. 
The most accurate values possible are then obtained from the mean of a 
number of observations, and shown to differ considerably from those predicted 
for radiative equilibrium. 





Introduction.—The transfer of radiation in a stellar atmosphere is governed 
by the equation of transfer, which may be written (for a plane-parallel atmosphere 
in local thermodynamic equilibrium) : 


pL) = 1,67, uw) By). (1) 


Here J,(7, ») is the intensity of radiation of wave-length A at optical depth + 
(7 being a function of A, though this is omitted for convenience) and in a direction 
making an angle arc cos » with the outward normal; B,(7) is the source-function 
or Ergiebigkeit in this wave-length at depth 7, which in local thermodynamic 
equilibrium is identical with Planck’s function. The solution of equation (1) 
has commonly been effected with the additional assumption of radiative 
equilibrium in the atmosphere, i.e. it has been assumed that energy is transferred 
entirely by radiation. Various methods, however, have shown that such an 
atmosphere would be unstable, and another line of approach has been sought, 
which does not assume radiative equilibrium. This is found in the equation 


1,0, p)= | Bfr)e-dr/p, (2) 
/0 


which is obtained by integrating equation (1) as it stands. The function J,(0, p) 
can be found by observations of the Sun, and we thus have an integral equation 
whose solution will give the source-function at different depths in the Sun. It 
must be remembered that equation (2) is only valid geometrically for a plane 
atmosphere, and, since the Sun is a sphere, care must be taken in applying the 


results. Unséld (19) has shown that for depth # in the Sun and angle of 
emergence @, the length of a path, which would be / sec @ in the plane case, is 


approximately 
h sec 0 E ~ | : 


where R is the Sun’s radius. Strémgren (17) showed that the greatest value of h 
from which comes a significant proportion of radiation, even at the centre of the 
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disk, is 427 km, and so, if the error caused by the plane assumption is to be less 
than I per cent, we must have cos 0 >0-173. 


It has been shown* by Eddington and by Barbier (see 19) that for any B,(7), 


I,(0, ») = B,(u) approximately, 
the relation being exact if B,(r) is linear in zr. It thus appears that the foregoing 
limitation on 6 means that outside the range 0-2 <7<1, the values of B,(r7) 
obtainable by solving equation (2) will not be so reliable as those inside the range. 
The application of this idea will appear presently. 

During the past thirty years there have been three essentially different attempts 
to find a solution of equation (2). Milne (12) and Lundblad (11) discovered 
almost simultaneously in 1922 that if the source function can be expanded in 
powers of 7, 

B,(7) = 9 + @,7 + Qgr?/2!+ agr?/3!+ ..., (3) 
then the coefficients of this expansion are given by 

a,=1,0, 0), a,=I,'(0, 0), a,=T1,"(0, 0)/2!, ete. 

The method was first systematically applied in 1946 by Chalonge and 
Kourganoff (§) and by Barbier (2a). The weakness of the method is that the 
coefficients a, in the expansion of B,(7) are effectively the unobservable values of 
the surface brightness and its successive derivatives at ~»=0. These are 
unobservable not through any defect of observing technique, but because the 
Sun is spherical, and they can only be found by extrapolation. The error in the 
method, recently mentioned by Barbier (2b), had already been indicated in 1925 
by Faxén (7); it is that the terms omitted in equation (3) are by no means negligible, 
and become very large for small values of +. In fact, in the case of radiative 
equilibrium, the derivative of B,(7) has a logarithmic infinity at s=0, and no 
formula similar to equation (3) can give this. 

Plaskett (15) in 1936 and 1941 gave a solution of equation (2) by an 
approximate method of numerical integration, dividing the photosphere into 
layers and reducing the integral equation to a system of simultaneous linear 
equations. ‘The approximate integration naturally introduces some errors, and 
the task of solving a large number of simultaneous equations is a further 
disadvantage of this method. 

Busbridge (3) in 1941 represented the darkening curve by the expression 


—2 


To, w)=1,(0, 1). (“ +(t~m)) ‘ 


where m and «z(--0) are disposable parameters, and inverted the Laplace 
transform given by equation (2). The method involves extending the above 
expression, valid on a section of the real axis (bounded as yu tends to zero by the 
sphericity of the Sun), to the whole complex plane; and in so doing, the tacit 
physical assumption is made that J,(0,0)=0. This leads immediately, by a 
theorem of Laplace transforms, to the physically impossible result B,(o) =o. 
In her paper (3), values of B,(7) for r<o-1 are therefore excluded, but, even with 
this limitation, there must always remain some uncertainty whether the source- 
function for other values of + has not been affected by the extrapolation of the 
darkening curve. It may also be remarked that this method has little generality 
of application; unless the darkening curve happens to fit a particular type of 


* T owe this remark to Dr I. W. Busbridge. 
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formula, the method is not applicable. If more accurate observations become 
available in the future, analysis of them by this method may therefore prove 
impracticable. 

None of these methods seems satisfactory. The aim of the present paper is 
to establish (Section 1) an analytical method which, by a transformation of the 
variables, reduces the integral equation (2) to a form well known in physics and 
astronomy. ‘The method is applied to the measures of limb-darkening given by 
Moll, Burger and van der Bilt (13), and the source-function thus found is compared 
with that given by the three methods discussed above. In Section 2 a new 
numerical integration of equation (2) is described, and this is used, first, to assess 
the accuracy of the Milne-Lundblad and Plaskett methods; secondly, to find the 
source-function outside the range given by the Busbridge method and the new 
analytical method, and then to assess their accuracy. Finally, in Section 3, the 
new analytical and numerical methods are used to find the source-function which 
corresponds to the mean limb-darkening found by a number of observers. 

1.1. The new analytical method.—In what follows we shall use equation (2) 
in the form 


eo 


I,*(0, p) = I, B,*(r) e~"“dr/p, (2a) 


where J,*(0, w)=1,(0, »)/1,(0, 1) and B,*(7)=B,(r) 1,(0, 1); that is, the intensity 
at the centre of the Sun’s disk will be taken as unity. The asterisks, however, 
will be omitted for convenience in printing. 

The transformation just mentioned consists in putting «=e, 7=e". 
Equation (2a) then becomes 


“x 


1,(€)= | __expl-€-1)- e~&— Bn) dy. 


This corresponds exactly to the general equation 


(x)= | Ae—yifly) dy, 


which represents a true function f distor.ed by an apparatus function h to give 
an observed function g. For instance, in spectroscopy / is the true profile of an 
absorption line and g the observed profile. In 1946 van de Hulst (8b) described 
four methods capable in theory of solving this equation to any desired degree of 
accuracy. He pointed out, however, that it is a mistake to try to solve the 
equation too accurately, since due to the random errors of the observed function g 
a so-called “‘instability’’ appears, leading to irregularities in f which are not 
really there. Kreisel (10) has shown that a rapidly oscillating f would have a 
small g and, since the equation is linear, solutions are superposable. ‘The 
inevitable errors in the determination of g therefore imply that there are many 
functions f which will give the same g within the limits of experimental error. 
However, he also proved that f can be obtained, provided it is continuous and 
bounded in any finite interval; these conditions are clearly satisfied by B,(7). 

‘The different kinds of solution depend for their validity on the existence of 
the moments of f, g, A—the nth moment of h, for instance, being 


“a 


M,, | z"h(z) dz. 
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In the problem now under consideration, the moments of /,(€) and B,(y) do not 
exist, but those of the exponential function corresponding to A can be evaluated. 
In fact 


M,,= | gn exp | —2z—e-*] dz, 
and putting p =e * gives 


er © 


M,,=(—)" | ei »(In p)" dp =(—)"P™(1) (see below), 


where I*” represents the mth derivative of the ordinary gamma function. It 
therefore appears (see Table I in (8b)) that the methods of approximation by peaks 
and expansion in power-series are available for solving the radiative transfer 
problem. 

The method of approximation by peaks had earlier been described by 
van de Hulst (8a) in connection with spectroscopy. Its application to the problem 
arising from the equation of transfer has not, however, proved fruitful. Our 
function A, unlike most apparatus functions, is not even nearly symmetrical; 
h(x) is zero for s = + 0 and has a maximum for z =0, but the area between z = — x 
and z=0 is only e~!=0-368 of the total area under the curve. A solution was 
attempted, but was unsuccessful. 

The method of solution by power-series was explained by van de Hulst in 
his paper of 1946. It depends on the theorem, which he proved, that if / has all 


finite moments M,, | z"h(z) dz, and if g(x) can be expanded as Xc,,v", then 
the equation (4) has the solution 

H(y) ==enP ald), 
where P,(y) = EC A - 


mAn—m 
and the coefficients A are given by 
x(—1)*A,_.°C,M,=1 if r=o, 
=o if ro. (6) 
This method was applied by the present author to the radiative transfer 


problem. As mentioned above, 


M,=(-)"| © %(Inp)"dp, 
~ 0 
and since I(x) = 3 e ’p*1 dp, 


it follows that P(x) = Ie (In p)"p* dp, 


and so M,, = ( 7 “ys M1). 


‘The derivatives of I’ (1) can be found by means of a recurrence formula given by 
Jeffery (9), viz. 


re I) I(r) Te 1) ) Pe) 
wy bili g a a Bc oe (-Pa at ; eis i a . 


1! ren an : 


i? @) 
where s,- Ln*=C(r) for r>2, and s, is cea written for Euler’s 
1 


r= 
constant y. ‘The numerical values are s,;=y=0°57722, s,=7°/6=1-64493, 
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S3=1'20206, s,=74/90=1-08232, etc. Another analysis indicates that 
M,,= (—)"!R,(y), where R,, is the polynomial occurring in the first exponential 
integral of the mth order, introduced by van de Hulst (8c), 


*o (n—1) x 
| Ay WE <p, (Inx+y)- Sav. 
1 


E(x) = 

Van de Hulst stated that the first term of R,,(x) is (—x)"/n!, which is true, and that 

R,, is always either odd or even, which seems to be disproved by the form of M3. 

We thus obtain the values M,=1, M,=s,, M,=s,7+52, Mz =5,3 + 35,52 + 253, 

M, =5,! + 68,78, + 85,53 + 35." +6s,, etc., and the values of A can easily be found 

from (6), which gives Ag=I, A,=S, Ag=H2—Sy, Ag=S,2—35,5.+ 253, 

A, =5,4 — 65,75, + 85,53 + 35,”—O6s,, etc.; these are evidently obtained from the 

corresponding values of M by changing the sign of s, and s,._ Finally, by 
substituting in (5) we get the solving polynomials : 


Po=1, Py =y +5), P2=y? + 25,y + (51° — 52), 
P3=y? + 35 y" + 3(817 — Sa)y + (513 — 35152 + 253), 
P,=y* + 45,y* + O(s,? — S2)y” + 4(5,3 — 35152 + 255)y 
+ (8,4 — 65,?52 + 85,53 + 359° — 654). 


It only remains to express the function J,(0, ), found from observation, as a 
polynomial in€=In p. It should be noticed that é in the observed values does not 
run from — © too, as it would in a spectroscopic problem with a proper apparatus- 
function, but only from zero (when »=1) down to about —2 (when p==0-2 
and we are approaching the limit of applicability of observations of the spherical 
Sun). This would have proved a further obstacle to the use of the method of peaks. 

It may be noticed that the same results can be achieved by assuming an 
expansion of J,(0, ) in powers of In p, and finding the inverse Laplace transform.* 
The procedure here employed seems more comprehensible, and is more akin to 
van de Hulst’s treatment (8b). 

1.2. Comparison with previous methods.—In order to test the applicability of 
the new method, and to compare the source-function so found with those given 
by the three earlier methods, we shall use the measures of limb-darkening by 
Moll, Burger and van der Bilt (13) for A=5485 A; these are shown in the fourth 
column of ‘Table IV (p. 208). From these measures the interpolation formula 
in powers of € is found by least squares to be 


I €) = 1 + 0-469 + 0-104€? + 0-012". 
This will be called a “‘3-term formula” ; the first coefficient is fixed beforehand 
to be unity, so that 7,(0)=1. It will be noted that the coefficients in this expression 
are effectively the derivatives of J,(€) at € =o, that is 1 = 1, and so they can be found 


directly without extrapolation. The corresponding expression for the source- 
function, from equation (5), is 


B,(n) = 1-132 + 0°542n + 0-125" + 0°0127?. (7) 


This source-function is tabulated in the third column of Table I for the particular 
values of + shown in the first column. The convergence of the expression (7) is 
investigated in the fourth to sixth columns, which show the values of the several 


* IT owe this remark to Dr I. W. Busbridge. 
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terms. It appears that, except for r=0-1, the results obtained should be fairly 
reliable in the third decimal place. These specific values of the source-function 
are also shown in Fig. r. 

TABLE | 


Source-functions calculated from Moll’s measurements for 4=5485 A 


B 
Bus- 
bridge 


-2°3026 (0-401) -1'248 0663 —0'146 0°348 0°370 0°356 
-1°2040 0°639 -0°653 o'r 81 ©°02I 0°473 0640 0°599 
0°6931 30812 —0'376 0-060 -0'004 0'947 0°822 0807 
0°3567 + =0'954 —0'193 0016 -O'OOI_ 1'133. --0'966 = 0-983 
-0°1054 + 1:076 -0'057 0-00! ° "133. 1089) «1-131 
0'0953 “185 0'052 o-oo! ° "133. ««I*IQ5)=—s- 1252 
0°2624 283 0'142 0-009 ° ‘133. -1'292)~=«*350 
0°4055 *374 0°220 O'O2I '239 «1°379—s«&1°427 
0°5306 = 1457 0:288 0°035 ‘337 «1°464 «1-489 
0°6419 = 1°535 0°348 0°052 ‘437 «1°526 1°534 
07885 643 0°427 0'078 ‘577. +1°639_—s«1-580 
0°9555 _1°774 O518 Oll4 ‘752 1°773 «1°615 
1:0986 ‘894 O'°595 O'ISI ‘938 «=61'874—s1 638 


n B(n) 0°542n 0°1257? 0-0127° 0:0577T* 


B 
Plaskett 


Milne 


WNNnH ee ee OO 00 0 


eet 
i | 











I 2 T 3 
Fic. 1.—Source-functions calculated from Moll’s measurements for A= 5485 A. 
O Sykes. 
_— Busbridge. 





— — Plaskett. 


It may be wondered whether, since formula (7) is apparently most accurate 
for 7 =0, better results could not be obtained by the substitution 


rT=7,e", p=, e°; 
this would leave the integral equation (24) unchanged, while »=o would 
correspond to t=79, which could be chosen at will. This view, however, is 


erroneous; if 7, differed greatly from unity, the values of € to which the least- 
squares solution must fit would be large numerically, and the 3-term formula 
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would be inadequate.* It must not be forgotten that the term 1-132 in (7) does 
not include contributions (assumed negligible) from €4 and higher terms in /,(€). 
It may be remarked here that the use of 4-term formulae was attempted, but led 
to instability of the kind previously described; computation with five decimal 
places was also found necessary. 

It becomes evident that the new analytical method does not attempt to derive 
values of B,(7) for large or small 7, and these, as was indicated in the Introduction, 
could not be accurately found by any method. Nevertheless, we shall show in 
Section 2.3 that the value of B,(o) may be found indirectly. 

We may now compare the values of the source-function given by equation (7) 
with those found from the three earlier methods. Plaskett (15) and Busbridge (3) 
used the same values of limb-darkening given by Moll, Burger and van der Bilt, 
and their source-functions (with Plaskett’s multiplied by a factor to give B,*(r)) 
are given in columns 7 and 8 of Table I. To find the source-function from the 
same measures by the Milne-~Lundblad method, the interpolation formula in 
powers of was obtained by least squares: 

1,(0, #) =0°222 + 1-393 w — 0°955 p* + 0°340 p8 (8) 
(a 3-term formula, with the sum of the coefficients equal to unity); whence the 
corresponding source-function is 

B,(r) =0°222 + 1-3937 — 0°4787? + 0°0577°. (9) 
The resulting values of B,(v) for the selected values of + are shown in the ninth 
column of Table I; the last column of that table gives the value of the last term 
in (g), and indicates the unreliability of the Milne-Lundblad source-function 
as t becomes large. 

The four source-functions are also shown in Fig. 1. It will be noted 
immediately that the new method does not give B,(r) for very large or small 
values of r. As we have seen, this may be regarded as an advantage of the new 
analytical method, since it yields values of the source-function only for that range 
of 7 where a reliable determination is possible. In the region common to the 
four methods, the newly-derived source-function lies very close to that found 
by Busbridge, and for small values of 7 near that given by the Milne-Lundblad 
method, but differs appreciably from that found by Plaskett. 

2.1. The new numerical method.—The methods described so far, apart from 
Plaskett’s, belong to the class of ‘‘analytical methods”. It is a weakness of all 
such methods that use is made in some way of values of x and J,(0, ) outside the 
range of observation (0-2 <u <1) possible with the spherical Sun. In order to 
overcome this difficulty, and before the treatment described in Section I was 
developed, the author attempted a solution based on numerical integration, in 
which the integral in equation (2a) was replaced by the sum of weighted values 
of the integrand at the zeros of a Laguerre polynomial, 


n 


d —z\e 
L,(x)=e qn (wre UE 


or, by asimple transformation, at points proportional to those zeros. It was hoped 
that this would yield values for the source-function. ‘The original intention was 
to take observed values of J,(0, «) greater than m in number, and solve by least 
squares. Five or six attempts, however, gave extremely indifferent results, owing 
chiefly to the smallness of the coefficients in the normal equations. 


* As an experiment, the calculations for 7,=1/e were carried out, but the gain of accuracy 
(amounting to 0-002 at most) for low values of + was not worth the labour involved in constructing a 
3-term formula equal to unity for = —In 7. 





No. 2, 1953 The integral equation of limb-darkening 205 


A more useful method of numerical integration was suggested by H. H. 
Plaskett. The integral in equation (2a) is approximated in the interval 0 <r <3 
by Weddle’s rule with thirteen ordinates, and in the unbounded interval 7 > 3 by 
substituting for the source-function a linear function* a+6r. The contribution 


TasBLe II 
Coefficients of B;, a and b in equation (10) 

be Wo welts we! 24 wye*' w,e— w,e 5/4 w,e7% 24 
10000 0:0750 02920 0°0455 02126 0-0276 0°1074 00335 
0'9696 0°0750 0:2898 0'0448 0:2076 0'0267 0°1033 0'0319 
0'9217 0°0750 ‘2859 0'0436 0°1994 0'0253 00966 0°0295 
0°8457 00750 ‘2790 0'0415 01854 00230 00855 0'0255 
0°7531 0°0750 ‘2691 0:0386 0'1662 0'O199 00713 0'0205 
06438 0°0750 "2543 0'0345 O'1404 O'O159 00538 0°0146 
0°5333 0'0750 ‘2346 0'0294 O'1103 O-O1T5 00360 ©0090 
0°4715 0°0750 ‘2207 00260 0'O917 0-0090 00265 00-0062 
0°4031 00750 ‘2017 00217 00700 0:0063 00169 00936 
0°3223 0'0750 1726 O'O159 0°0439 00034 0:0078 0°0014 
0°2573 00750 1419 0'O107 0°'0244 ©0015 09029 00004 
0:2048 0°0750 1106 00065 00116 0:0006 00008 ©:'O00! 
0°1631 00750 00810 0°0035 0°0045 00002 0:0002 ° 
(yu ~3)> 

pe 34 
10000 0:0652 O'O102 0'0474 00062 0'0240 0'0037 00498 0°1992 
0:9695 0:0617 0:0095 0'0442 0°0057 0'0220 0:'0034 0:0439 O-1744 
09217. 0°0562 0:0086 = 00392 00050 O'0190 0°0029 0:0356 0°1395 
0°8457  0°0474 00070 0°0314 0°0039 0°0145 0'0022 = 0'0243 00936 
07531 0'0367 0°0053  0°0227  0:0027 0:0097 0'0014 0°0140 0°0527 
06438 00248 0:0034 0°'0137 O-°O015 0°0052 0:0007 00061 0°0222 
0°5333 O-o:4i 00018 0:0066 0:0007 0:0022 0:0003 0-0O19 00068 
0°4715 0'0092 O-Ool! 0:0038 0'0004 O-'Ool! ‘0001 00008 0-00 28 
0°4031 ©'0049 0:'0005 00017 ©°0002 0'0004 ° 00002 0-0008 
0°3223.  +0'0016 + 0:0002 8 0:0004 ° 0-000! ° 0-'Ooo! 
0°2573 0:0004 ° ©0001 ° ° ° ° 
0°2048 ©'000! ° ° ° ° ° ° 
0°1631 ° ° ° ° ° ° ° 


©o0°00000000 


Bb We 7 Ap Ue —2/p Wye ~9/4u W9e~ 5/2u w,,e7"} du we" “ per 


to the surface brightness from the source-function for 7 >3 is small (approximately 
14 per cent at u=I, I-I per cent for ».=3, and 0-06 per cent for u=}); its 
approximation by a linear function for z > 3 should therefore introduce a negligible 
error. We thus find 


.. r 
ul 0, n)== = w,B, (ZJer tape M+ Hut 3)ee sie (10) 
r=0 


where the w, are Weddle’s coefficients. This formula is exact (as regards the 
interval 0 <7 < 3) if B,(r) can be represented by two polynomials of the fifth degree, 
one for 0<7 <3 and the other for ?<7<3; for a source-function represented 
by polynomials of higher degree, the error can be made as small as we please 
by a sufficiently close division of the interval. The values of the coefficients 
w,e", we and (uw + 3)u e~* for certain values of » are shown in Table II. 
By substituting any selected values for u in equation (10), we obtain a system 
of linear equations, and this system can be used in various ways. First, the 
equations may be solved directly to find both the values of the unknown source- 
function B,(7), at the points 7 =r/4 (r=0 to 12), and the coefficients a and 5; this 
* We shall see presently that continuity is ensured by the requirement that a+ 3b= B,(3). 


15 
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corresponds to Plaskett’s treatment (15), but the method of numerical integration 
is now considerably more accurate. Secondly, if the source-function has been 
found for all values of 7, these may be inserted in equation (10), and the predicted 
value of uJ,(0, ~) compared with that observed. Lastly, if the source-function 
has been found only for a limited range of 7, as by the method of Section 1, values 
outside this range may be obtained by the use of equation (10), and then a 
comparison with observation is again possible. In Sections 2.2 and 2.3 we shall 
consider in detail these two latter applications. 

2.2. Equation (10) applied to the methods of Milne-Lundblad and of Plaskett.— 
The methods of Milne-Lundblad and Plaskett each give values of the source- 
function for the whole range of 7. Equation (10) may therefore be applied to 
them in the second way mentioned above; that is, values of B,(r) are inserted 
and the predicted values of J,(0, ~) are found. For this purpose, the coefficients 
a and b have been found from B,(3) and B,(4). Further, to facilitate comparison, 
each source-function has been normalized, in order to make the predicted 
pl,(0, w)=1 for ~=1; the actual value of the factor is 1-015 (Milne), 1-014 
(Plaskett). Table [11a shows the results for twelve values of 1. Column 2 gives 
the observed values, namely those of Moll, Burger and van der Bilt; columns 3 
and 4 give the values predicted by Milne—Lundblad and Plaskett respectively, 
while the last two columns show the residuals, observed—calculated, for each case. 


Tase IIIA 
Predictions of limb-darkening 


Hl; (0, #) Milne 
observed 


Residuals O-C 


Plaskett M 


pb 
10000 1000 1-000 1000 
09696 0956 0°957 0955 
0°9217 0888 o'891 0885 
0°8457 0°782 0°788 0'778 
0°7531 0'660 0667 0°654 
0°6438 0°522 0°531 0516 
0°5333 0°396 0°403 0°392 
O°4715 0°331 0°336 0°326 
0°4031 0'263 0:266 0:258 
0°3227 o'189 O'Ig! o°185 
0°2573 O°135 0°136 O°132 
0:2048 0:096 0'097 0:096 


aw ° 


i | 


~~ me NW STO 


It will be seen that both methods give quite large residuals. Those of 
Plaskett arise presumably from the approximate method of numerical integration 
which he used. Those of Milne—Lundblad are more surprising at first sight, for 
the integration of equation (g) term by term must yield equation (8), which 
certainly represents J,(0, 1) with much smaller residuals than those shown in 
Table IIIa; while Weddle’s rule is surely adequate to integrate the cubic in (9). 
The Milne-Lundblad method, however, becomes less accurate as 7 increases, 
and it appears that the error in B,(4) might falsify the values of a@and 6. We shall 
see in the following section that this view is correct. 

2.3. Equation (10) applied to Busbridge’s method, to the new analytical method, 
and to the Milne-Lundblad method.—The third mode of application of equation (10) 
is for use with source-functions whose values are not known for the whole range 
of 7. As we have seen earlier, Busbridge’s method is unsound when + is small 
(<o-1), while the new analytical method is invalid when 7 is either small or 
large; further, the Milne-Lundblad method is now suspected to fail for 7>3. 
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‘The procedure in these cases is as follows: the coefficients a and b are found 
from two conditions, (1) a+3b=B,(3), i.e. the linear function fits on to B,(r) 
at +=3, (2) the approximation shall be exact for »=1. The value of B,(o), 
which is not given by Busbridge’s method or by the method of Section 1, is 
found in the following manner: the products w,B,(r/4)e-"™ (r=1 to 12) for the 
three lowest values of 1, where the values of a and 6 are immaterial (cf. Table I1), 
are first summed; their defect from the observed value of yJ,(0,) represents 
0-075.B,(0). When this term is known the products for «=I (r=0 to 12) are 
summed, and their defect from unity yields the second relation used in determining 
a and b. 

For the sake of completeness, the Milne-Lundblad method has been 
analysed both with and without the assumption B,(0)=0-222, derived from 
equation (9). ‘Treating B,(o) as unknown, the values given for 0-075B,(o) are 
0-012 (Busbridge), 0-012 (Sykes), 0-018 (Milne); these lead to B,(o)=0-16 
(B. and S.), 0-24 (M.). 

TaBLe IIIB 
Predictions of limb-darkening 


T,{o, , ’ 
peo Milne Busbridge Sykes 


Residuals O-C 

M B Ss 
I ‘0000 1'000 1°000 1°000 1‘000 1‘000 
°:9696 ~=—-0 956 0956 0956 0956 0-956 
0'9217 0888 0'887 0888 0888 0888 
0°8457 0782 0°783 0°783 0°783 0-782 
0°753! 0660 0-661 0661 0-661 0660 
06438 0°522 0°525 0°526 0°525 0°524 
©°5333 0396 0°397 0°399 0°398 0°397 
O°4715 0-331 0°33! 0°332 0°332 0°331 
0°4031 0°263 0'262 0°264 0:261 0°263 
0°3223 o' 189 0'188 0189 o'189 0'189 
0°2573 0°135 0°134 0°135 0°135 0135 
0°20458 0096 0096 0097 0096 0-096 


-O0- =WHee ke OO: 
COONew NW eH eH OO 
eoo0o0oornoodnd: 


° 
I 
I 
I 
a 
I 
° 
I 
I 
I 
° 


Table IIIB summarizes the results of these calculations. Columns 3 and 4 
show the predictions of the Milne-Lundblad method, respectively with and 
without the assumption B,(0)=0-222; columns 5 and 6 show the predictions 
of Busbridge’s method and the new method respectively. The last four columns 
of the table show the residuals, in the same order. A consideration of these 
residuals will give a clear idea of the relative merits of the various methods which 
have been discussed. 

3. The source-function derived from a mean darkening curve.—We shall now 
attempt, by the use of our new method, to find the most accurate value possible 
for the source-function B,(r) in the Sun. For this purpose we shall use the 
mean values of several limb-darkening observations, shown in Table IV. 
Columns 3 to 7 show the results for A=5485 A obtained by Abbot (1), Moll, 
Burger and van der Bilt (13), Raudenbusch (16), Canavaggia and Chalonge (4), 
and Pierce, McMath, Goldberg and Mohler (14). Column 8 shows the mean 
of these observations, and column g shows the root-mean-square error of a single 
measure for each value of x. It will be noticed that the measurements of Moll 
and of Canavaggia lie for the most part above the mean, and the others below 
it, although the observations of Abbot (1913), Moll (1925), Raudenbusch (1937) 
and Pierce (1949) were made at intervals of time practically equal to the solar 
cycle. 


15* 
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The 3-term interpolation formula obtained by least squares is 
I,(€) = 1 + 0°528£ + 0°165£? + 0-0268%, (11) 
and the corresponding source-function is 


B,(n) = 1-082 + 0-6167 + 0-2107? + 0-026. (12) 
This is shown in Table V and Fig. 2, along with the two source-functions 
obtained by increasing and decreasing each mean intensity by the corresponding 
root-mean-square error, denoted by the suffixes g and / respectively. Brackets 


TABLE IV 
Observations of limb darkening for A=5485 A 


é Abbot Moll R’busch Canav’a Pierce Mean 


° 1-000 1000 1°000 1:000 1000 1-000 
00309 0'983 0986 §=0'982 = (0.983 0°984 0°984 
00815 0955 2963 0954 0956 0952 0°956 
-0°1676 O'9Q1I2 0-925 O-”gII O'91I2 O0O14 O'”915 
-0°2836 0858 0876 0857 #0861 0862 ©0863 

—0°4404 0-792 «—~o'B11 o-791 0-798 0790 #0796 

— 0°6287 0-720 0°742 0-719 0°733 o'719 0°727 
-O'7519 0677. +0702 «400°679)~— (0694S (0680 — (0 686 
-0:9086 0628 =0°653—(« 0631 0647. +0628 8 0°637 
-¥°5923 0°568 = 0°585 0°573 0°'580 0°576 0°576 
-1°3575 O°517. -0°523.-s«0§26.0 0520s O05 22—s“OO'5522 

—1°5857 0°470 0°470 0°472 0°47I 

—1°8134 0°431 0°43I 

TABLE V 
Source-functions calculated from mean measurements for A=5485 A 


T n B,{n) B,(n) Bn) Bar 
° arg 0°23 o'21 0°25 0°344 
ol —2°3026 (0°460) (0-407) (0°§10) 0°434 
o-2 -1°6094 (0-526) (0°520) (0°531) 0°506 
o°%3 1°2040 0°599 0618 0°579 0°574 
o"4 -0'9163 0674 0-706 0-640 0-639 
O°5 —0°6931 0-747 0-787 0-707 0°703 
°°6 -0°5108 0819 0-862 0-775 0-766 
o'7 ~0°3567 0888 0'931 0844 0-828 
o'8 -0'2231 0955 0°997 0'913 0-890 
°'9 -0'1054 1019 1058 0-980 o'951 
1-0 ° 1'082 I‘117 1'047 I-Or2 
1-2 0'1823 1°202 1°226 1°177 1°133 
1°5 0°4055 1°368 1°374 1°362 1°313 
2°0 0°6931 1619 1°590 1648 1613 
2°5 00-9163 1°843 1-778 1°909 1-QI2 
3°0 10986 2°047 1945 2°149 2°210 
indicate that the values may not be accurate to the third decimal place, as judged 
by the magnitudes of successive terms. The 3-term interpolation formulae are 


T,{£) = 1 + 0-489 + 0-123¢? + 0-015€%, (13) 
I(€) =1 + 0-568 + 0-207€ + 0:037&, (14) 
and the corresponding source-functions are 
B,(n) = 1-117 + 0°572 + 0°1497)? + 0°01577°, 
Bn) = 1-047 + 0°661n + 0:2717? + 0°0377°. 
The values of J,, J, and J, from observation are shown in Table VI, together 
with those calculated from the equations (11), (13) and (14), and the error in 
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each case. These errors are naturally somewhat greater for the rather artificial 
functions J, and J,. It will be seen from Fig. 2 that the variation in the 
source-function caused by these changes in the observed intensity is not too 
great. The last column of Table VI shows the residuals when B,(n), given 


2:5 Y r 





B(r) 


2-0 











0 1-0 2:0 r 30 
Fic. 2.—Source-functions calculated from mean measurements for A= 5485 A. 
OQ Sykes. 
— Radiative equilibrium. 
TaBLe VI 
Limb-darkening measurements observed and interpolated for \=5485 A 
qi 4 ter 0 fo Bere 4 4 Error O™ 
p é obser- from 0-C obser- from 0-C obser- from 0-C B,(n) 
ved (11) ved (13) ved (14) O-C 
“0000 ° I'000 =: 1000 1'000 =: 1000 
9696 0'0309 0'°984 0-984 0986 = 0985 
9217. —o'0815 0956 og58 — 0960 «0-961 - 


° © 1°000 1:°000 
° 1 0982 0:'983 
2 ~Ir 0952 0°955 
I © 0909 oO'gI0 
° o 0855 0°855 
1 o805 0807 -2 0787 0:787 
o 0737 +0738 -—1 o717 0°716 
I I 
° 3 
° I 
° ° 
3 2 

2 


| 


8457 01676 o-gI5 0-916 O'921 O'921 
0:2836 §=60 863 (0 863 


0871 0871 
0°4404 0'796 0'797— — 


0°6287. 0°727. 0°727 
-0'7519 0686 0°685 
09086 §=6—0'637 ) = 0637 
1°1323.  0°576 =0°576 


0697 =0 696 0675 0674 
0649 ©0646 0625 0627 
0°583 0582 0569 «= 0569 
O°525 0°525 O'519 0518 
0°472 0474 — 0°470 0°472 


3575 0°§22 0°522 


| 


| 
~Ne ONK & O ODO 


On OK OOK HH ONO: 


- 
1°5857  O'471 0°474 
—1°8134 0431 0°431 © 0431 0429 


000000000000% 


0°431 0°430 


by (12), is integrated by Weddle’s rule as previously described; the values of 
Bo), B,(o) and B,(o), obtained as indicated in Section 2.3, have been inserted 
in Table V. 

Finally, the last column of Table V shows the values of B(r) in the case of 
radiative equilibrium, obtained from the formula 


B(r) = ¢ Fr +4(7)I, 
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where g(r) is Mark’s exact solution, of which tables may be found in my previous 
paper (18). Since the value of J(0,y) has been taken as unity for ~=1, and 
I(0, 1) =0°4330F H(), where H(1) is given by Chandrasekhar and Breen (6) as 
2:9078, we have F, the flux, taken as 0-7942, giving 


B(r) =0°5957[7 + 9(7)]. 


It will be seen that there is a considerable difference between these values and 
those derived in this paper. Fig. 2 shows that the values* in radiative equilibrium 
lie for the most part outside the margin of error described above. 

The purpose of this paper has been simply to indicate a more accurate method 
than any hitherto employed for the solution of the integral equation of limb- 
darkening. It seems evident, however, that before any great progress can be made 
with the subject, new and more accurate observations must be provided. If the 
present paper should serve as a stimulus to the making of such observations, 
much of its purpose will have been achieved. 


My gratitude is due to Professor H. H. Plaskett, who has been never failing 
in advice and encouragement; it was he who suggested this subject, and who 
provided the observational data employed. Dr I. W. Busbridge read the paper 
in manuscript and made a number of very helpful suggestions; and Mr T. D. 
Kinman has again been kind enough to draw the graphs. I should also like to 
thank the Master and Fellows of Balliol College and the Department of Scientific 
and Industrial Research for awards, during the tenure of which the work has been 
carried out. 


University Observatory, 
Oxford : 
1952 October 14. 
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IDENTIFICATIONS IN THE SPECTRA OF ETA CARINAE 
AND RR TELESCOPII 


A. D. Thackeray 
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Summary 


Wave-lengths and intensity estimates of lines in the spectra of Eta Carinae 
and RR Telescopii between 3700 and 8900 A are presented. Both spectra 
are characterized by strong Fe II emission, forbidden and permitted, and by 
weak continua. Representations of individual elements in the two stars are 
discussed in Section 4 (EtaCarinae) and in Section 8 (RR Tel). Doubly 
ionized elements (especially O, Ne, S, A and Fe) are better represented in 
RR Tel which shows in 1952 a transition between the ‘‘ Eta Carinae ”’ and 
“nebular” stages of a slow nova. Oxygen lines, permitted and forbidden, are 
so much stronger in RR Tel that a deficiency of O in Eta Carinae is rather 
strongly indicated. 

A few unidentified lines are listed in Table VI. The strongest (in Eta 
Carinae) is in the infra-red at about 8493 A. 

The relative intensities of [Fe II] lines agree generally with the order of 
prominence suggested in the Revised Multiplet Table, but a few exceptions are 
noted (Section 6). 

The strongest lines in Eta Carinae have structures characteristic of Type III 
in Beals’s classification of P Cygni profiles (Section 5). They are accompanied 
by diffuse absorptions with velocities about —450 km/s. These absorptions 
are found accompanying 12 strong [Fe II] lines. ‘The double emission peaks 
are best marked for H and [Fe III]. Similar displaced absorptions are found 
in a few He lines in RR Tel with velocities —685 (1951) and —865 km/s 
(1952). 





1. The purpose of this paper is to present wave-lengths and identifications 
of lines (almost entirely emission) measured in the spectra of Eta Carinae and 
RR Telescopii with the 2-prism Cassegrain spectrograph attached to the 74-inch 
Radcliffe reflector. 

For the past half-century Eta Carinae has shown a spectrum consisting mostly 
of emission lines with hydrogen and forbidden ionized iron predominating.* 
The continuum is very weak, and, unlike many [FelII| variables, there is no 
sign of a late-type companion; hence there is an unusual opportunity to study 
the spectrum of [Fe II] and other ions in the red and infra-red. The star is the 
best known source in Nature for such a study. 

RR Telescopii, listed as a semi-regular variable, 12™-5 to >14™, brightened 
to the 7th magnitude in 1945 and since then has suffered a slow decline. In 1949 
July-September there was a rather abrupt transition from cF absorption to a 
pure emission spectrum} and in 1951, when Cassegrain spectra could first be 
obtained at the Radcliffe Observatory, the spectrum of the star had come to 
bear a strong resemblance to that of Eta Carinae, although the state of ionization 


* See P. W. Merrill, Ap. 7., 67, 391, 1928 for references to early work, and H. Spencer Jones, 
M.N., 91, 794, 1931. 

+ A. D. Thackeray, V.N., 110, 45, 1950; K. G. Henize and D. B. McLaughlin, Ap. 7., 114, 
163, 1951. For light-curve see M. W. Mayall, H.B., No. 919. 
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was clearly somewhat higher. ‘The value of the results on Eta Carinae is 
considerably enhanced by having another spectrum so generally similar for 
comparison; for instance, in the case of an unidentified line in common to the 
two stars, the relative intensity in Eta Carinae and RR Telescopii offers some 
clue to the probable nature of the carrier. 

2. ‘Table I presents the journal of observations of the two stars. The prefix 
to the plate number shows which of the four cameras of the Cassegrain 


TABLE [ 

Observations of Eta Carinae (nucleus) 
Pere ont Date Emulsion Exposure 

Ispersion) (min.) 
ag 1951 Apr. 12 Kod. 103] 20 4068-5 334 
c 40(b) 1951 Apr. 29 Kod. 1o3aF 24 4889-6809 
c 40(a) 1951 Apr. 29 - 6 5276-6874 
c 63() 1951 May $s =: 5169-6678 
c 121(b) 1951 June 5 Kod. IIN 12 7065-8863 
€ 122(a) 1951 June « os 30 7065-8863 
e135 1951 June 11 Kod. 103aO 10 3704-4076 
a 142(a) 1951 June 14 +3 45 3677-4021 
4947-5197 

a 142(c) 1951 June 14 ‘i 15 3900-4973 
b 204(b) 1951 July 7 Kod. 103aF 30 4811-6810 
b 208(a) 1951 July ro 70 4774-7065 


Region Measured 


a 896(a) 1952 June 26 Kod. 103aO 34 3748-5 169 


Observations of RR Telescopii 
Exposure 
(min.) 
a 144 1951 June 14 Kod. 103aO 30 3835-5018 
¢ 270 1951 Aug. 21 Kod. II N 60 7065-8748 
b 794 1952 May 21 Kod. 103aF 120 3750-6678 
¢ gI2 1952 July 2 Kod. 103aO 100 3697-5056 
¢ 1133 1952 Sept. 30 Kod. 103aF go 4889-6678 
Cc 1134 1952 Sept. 30 Kod. IN 120 Ha-8446 


Plate Date Emulsion Region Measured 


spectrograph was used; the dispersions at Hy of the corresponding spectra 
are as follows: (a) 22-5, (b) 30, (c) 48 A/mm. The prisms are set permanently 
for minimum deviation at 4200 A and the limit of the plate with the a camera 
is about 5300 A. However, with the 6 camera, H« appears near the edge of the 
plate and the remarkable fact has been found that spectra with good definition 
can be obtained simultaneously through the blue to the red. With the c camera, 
it is even possible to extend the study into the infra-red with a small adjustment 
of the camera focus. The accuracy of the measures naturally diminishes rapidly 
towards the red and infra-red; the dispersion varies from 10 A/mm in the 
ultra-violet to about 400 A/mm in the infra-red. 

3. Table II presents the results of measurements in the spectra of Eta Carinae. 
Explanatory details are as follows: 

First column: The mean wave-length after reduction to the Sun and 
correcting for a stellar velocity of +25-0 km/s as found by the Lick observers. 
A colon indicates uncertainty in the measures. 

Second column: Mean visually estimated intensity. It was possible to 
combine estimates from different exposures by means of empirical calibration 
of lines estimated in duplicate. Estimates near the long wave-length limit of 
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sensitivity of blue plates were not used, and the estimated intensity on the 
panchromatic 103aF plates were used as a basis for the whole range 3670-6800 
Through this method of calibration it occurs that the faintest lines observed in 
the red have adjusted intensity 4, while those in the blue have adjusted intensities 
less than 1. It was not possible to push the limiting intensity lower in the red 
with the available dispersion, on account of interference from the continuum. 
n, N and NN indicate increasing diffuseness in the lines; s indicates unusual 
sharpness; a, preceding the estimate of intensity, indicates an absorption line; 
d indicates a suspected double. 

Third column: Number of exposures used in the mean wave-length and 
intensity. 

Fourth column: Suggested identifications giving the responsible ion followed 
by the multiplet number in the Revised Multiplet Table and wave-length* (also 
from the R.M.T.). Forbidden lines are distinguished by F following the 
multiplet number. In the case of blends the probable major contributor is 
given first. The identifications were arrived at in the usual manner by systematic 
searches for the strongest lines of each ion in the Revised Multiplet Table. ‘Two 
completely independent searches were made at different times separated by a 
considerable interval. 


A final asterisk denotes a special remark on the line at the end of the table. 


TABLE II 
Eta Carinae 
Mean wave-lengths and intensities of emission and absorption lines 
Identification 
Wave-length _ Number of Main Contributor Minor Contributors 
Measures Element R.M.T. Element R.M.T. 

3677-87 , I Cr Il 12 77°93 
77°69 
77°86 
3685-42 § Till 85°19 
3704°1: H 03°85 
5:9: Till 06-22 
Fe II 12°26 
Cr Il 12°97 
13°04 
Cr Il 15°19 
H 21°94 
Vil 27°35 
H 34°37 
Cr il 38-38 
Till 41°63 
Fe Il 48°49 


~s 


H 50°15 
Cr II 20 54°59 
Ti Il 13 §9:29 
Till 13. 61-32 
?Fe II 29 64:09 
Ni Il 4 69-46 


Haru CAI an 
w ° 


N 
Wwe Oe We & NN DN WN 


3769 °53 





* For the forbidden lines of Ni II the wave-lengths are given in italics to show that they have 
been taken from the latest laboratory data by Shenstone, and not from the R.M.T.; the writer is 
deeply indebted to Mrs Moore-Sitterly for communicating this information (Atomic Energy 
Levels) in proof-stage. 








A. D. Thackeray Vol. 113 


TABLE II (cont.) 


Identification 

Number of Main Contributor Minor Contributors 
Measures Element R.M.T. Element R.M.T. 
H 70°63 Vil 21 70°97 
?Fe Il 79°58 
?Fe II 130 681-51 

Fe II 14 83°35 

H 97°90 


Wave-length Int. 


3770°9 20°57 
79°7 fo-5n 
81-4 ?0°3 
83°38 2 

3798°27 3N 

3800°25 I 
06:27 I°5 
17°4 o's 
19°32 I 
21°84 20°30 
24°95 4 
30°61 a6éN 
35°68 5N 
38°34 3n 
40°4 ?al 
41°0 ?0°3 
49°66 
54°5 
56-01 


Cu Il 2F 06°34 
Fe II 14 21°92 
Fe II 29 24°91 


H 35°39 
?Mg I 38:29 


Ni Il 49°58 
(Si II 53°66) 
Si Il 56-02 


Fe II 127 63:95 
?Cr II 167 65:5 
Ne III 1F 68-7 
Fe II 29 72° 
VII 33 -78- 


~ 
= 


ve OOOm™ 
BU 
ow 
a 


noooo, 
uuu > 


_— 
~~ >» 
ss 8& 


?Fe II 8F 05-62 


Vil 33 14°33 


I 
I 
I 
2 
2 
I 
I 
3 
I 
3 
3 
3 
I 
I 
3 
I 
3 
I 
I 
I 
3 
I 
3 
I 
3 
I 
15N 3 
I 
I 
I 
I 
3 
3 
4 
I 
4 
I 
I 
3 
I 
4 
3 
3 
I 
4 
4 
3 
I 
I 
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Wave-length 


395991 
62°17 
64°65 
65-87 
66-98 
68°57 
69°36 
69°87 
70°61 
72°5 
74°16 
77°65 
79°62 
81°75 
89°60 
93°08 
95°1 

3996°96 

4000°41 
02°36 
03°3 
05°52 
08-8 
11-7 
12°35 
15°55 
21°27 
24°72 
26-10 
28-42 
32°95 
35°34 
37°9 
450 
49'1 
53°74 
64°53 
07°23 
68-63 
76°37 
97°42 
4099°74 
4100°4: 
02:29 
10°83 
14°49 
20°03 
22°61 
24°73 
28-28 
43°88 
46°53 
52°45 
4163°61 
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TABLE II (cont.) 


Int. 


?a1N 
a8s 
a5 

?3n 
2:5N 
a3s 
7 

?a2s 
10n 

PI's 
4 
O°5 
I 
o'5 

?0°5 
6 

?0°3 
o'5 


Ca Il 


Ne III 
Ca Il 
?H 


H 


Vil 


4 


Fe II 
?Fe II 


Fe II 
Fe II 
Fe II 
He 

Fe II 
?Co II 
Ti Il 


I 
3 
I 
I 
2 
4 
3 
I 
4 
I 
4 
I 
2 
3 
2 
4 
I 
2 
I 
4 
I 
3 
I 
I 
4 
3 
3 
I 
2 
2 
2 
I 
I 
3 
I 
4 
3 
2 
2 
3 
2 
3 
2 
3 
a 
3 
3 
I 
2 


Identification 
Number of Main Contributor 
Measures Element R.M.T. 


1 68-47 


1F 67°51 
1 68-47 
70°07 


79°07 


29 74°16 
10 77°73 
oF 79°78 
3 81-61 


4F 93°15 
9 97°13 


29 02:07 
194 03°33 
32 05°71 


126 12°47 
I2 15°50 
18 26-2 
24°55 

18 26-2 
87 28-33 
32°95 
32 35°63 
194 38:03 


193 49°14 


II 67°05 
1F 68-62 
1F 76-22 
I 97°31 


01°74 
oF 10°91 
23F 14°48 


28 22°64 
22 24°79 
27 28°73 

43°76 
21F 46-65 

F 52°59 
105 63°64 


Minor Contributors 
Element R.M.T. 


He 


(Si II 
?Fe III 
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Identification 


Wave-length 


4171 °32 
73°45 
77°33 
78°80 

4187-80 

4201°18 
10°93 
14°14 
24°99 
29°29 
33°19 
a7 °73 
44°08 


460°8: 
48° 
52° 
54°65 
58-2 
61-96 
73°23 
76-68 
80-80 
83°55 
87°39 
go'o2 
93°34 
95°16 
96-61 
97° 
4299°55 
4303" 
o5° 
08: 
12°38 
14° 


26: 
34°3 


41° 


Int. 


Number of 
Measures 


Main Contributor 
Element R.M.T. 


Minor Contributors 
Element R.M.T. 


Ti Il 
Fe II 
Fe II 
Fe II 


Ni II 


WwwWwWNWW Ww 


Cr Il 


Fe II 


2 NW NN 


Fe II 


?Sc Il 
Fe II 


Fe II 
Cr Il 
Fe II 
Fe II 


?Fe II 
Fe II 
Till 
(Ni II 


Fe II 


Fe III 


105 71°89 


27 73°45 
21F 77:21 
28 78-85 


3F o1-1g 
10°87 


162 24°85 


27 33°17 
21F 43:98 


7 46°83 
36F 49°07 


28 58:16 
31 61-92 
27 73°32 
21F 76°83 (Cr II 
7F (Cr II 
7F 87-40 
41 90-22 
4F 94:11)? (Till 


28 96°57 





Fe II 
Fe II 
Till 
Till 
Fe II 
Fe II 
Ni II 


+S 


H 


NWN DN &# FWWWWWW HWW ND NNWWNNWN DN WW NWW NN & | ND 


27 03°17 
21F 05:90 
41 07°90 
41 12°86 
32 14°29 
21F 19°62 

3F 26-28 


40°47 
21F 46°85 
27 51°76 
7F 
7F 59°34 
9 62-10 


28 69-40 
21F 72-43 


6F 82°75 
27 85°38 


* 


21F 31°56) 


21F 44°81 
31 43°38 
* 


4F 48-90 
31 52°62 


* 


20 37°92" 
* 


36F 47°35 
21F 52-78 
22F 56-14 
21F 58-37 
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TABLE II (cont.) 


Identification 
Number of Main Contributor Minor Contributors 
Measures Element R.M.T. Element R.4/.T. 


?He 51 87°93 


Wave-length 


4387 63 
94°07 
95°24 

4399°63 

4405 83 
07°44 
09°92 
13°70 
16°25 
19'0: 
22°08 
32°33 
40°43 
43°87 
45°65 
47°93 
52°02 
54°7 
57°85 
61-43 
64:11 
65°83 
67°84 
71-40 


Till 51 94:06 
Till IQ 95:03 
Till 51 99°77 


Fe II 22F 09°86 
Fe II 7F 13°78 
Fe II 6F 16°27 


?Ti Il 93 21°95 
Fe II 6F 32°45 


Till 19 43°80 


?Fe II 7F 
Fe II TF 52:11 


Fe II 6F 57°95 
Fe II 26 61°43 


wrenpnN NW HWW NN KH NN HWW DN He NS ee 


74°83 
81-08 
85-00 
88-98 
4491°56 
4501°08 : 
02°55 
08-32 
15°29 
20:20 
22°58 
28°44 
33°2 : 
34°08 
41°60 
43°18 
45°3: 
49°42 
55°81 
58-78 
63°74 
71°28 
76:40 
80-09 
83°67 
88-20 
92°26 
4596-08 
4616°74 


no NN 
° w 


wun 
NN NWWWWWWWWW HF NWW HF WWWwWwwnN NWW DN DN WwW 


N= 
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TaBLe II (cont.) 


Identification 
Wave-length Int Number of Main Contributor Minor Contributors 
“Measures Element R.M.T. Element R.M.T. 
4618-80 2 Cr II 44 18-83 
20°43 4 
21°8 ; ?al 
23°05 I 
29°30 
34°18 4 
35°58 4 
I 
6 


nN 


Fe II 38 20°51 


Fe II 37 29°34 3F 28-08 
Cr Il 44 34°11 2 34°16 
Fell 186 35°33 

Fe II 4F 39°68 2 40°64 
?Fe III 3F 

Fe III 3F 58-1 43 56:97 
Fe Il 4F 64°45 44 63-70) 
Fe II 37. 66°75 3F 67-0 
Fe II 25 70°17 

?He II 85-68 

?Fe III 3F 

Fe III 3F o1°5 

He I2 13:2 


39°58 
53°40: 
57°74 
64°18 
66-88 
7O°17 
85:6: 
4696-95 
4701 ‘41 
12‘92 
21°2: 
24°3 
28-01 
31°37 
34°22 
46°84 
54°79 
64°66 
72°14 
74°74 
479825 
4802 °37 
07°4 
10°8: 
14°42 
24°34 
29°16 
33°15 
36°46 
48°38 
50°3 
52°6 
591 
62-62 
74°55 
82:8 
85°45 
89°56 
4898 :66 
4905 °34 
15°5 
19°7 ?Fe II 42 
23°93 § Fe II 42 23°92 48 21°93 
30°00 
47°42 7 Fe II 20F 47:38 
50°71 I Fe II 20F 50°74 
73°40 Fe II 20F 73:39 
4993°59 Fe II 36 93°36 
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Fe II 4F 28-07 
Fe II 43 31°44 
Fe III 3F 33:9 
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Cr Il 30 24°13 
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TABLE II (cont.) 


Identification 
Number of Main Contributor Minor Contributors 
Wave-length , Measures Element R.M.T. Element R.M.T. 
5001 ‘62 
06°15 
10°5 
18°79 
43°32 
48-4 
56:3 
60°3 
5072°6 
5107°8 
fis 
32°8: 
45°8 
54°6 
58-6 
64:0 
69-0 
81-9 
84°7: 
5197°8 
§220°1 
34°6 
55°60: 
61°4 
68-7 
74°3 
84° 
52906- 


Fe II 36 00°73 
Fe II 20F 05°52 Fe II 4F 06°65 


Fe II 42 18°43 Fe II 20F 20°24 

Fe II 20F 43°53 

Fe II F 48-2 Fe II 20F 49°73 * 

Si Il 5 56-0 Si Il 5 563 
?Fe III 1F 60°3 

Fe II 19F 72°4 

Fe II 18F 07°9 

Fe II 19F 11°6 

?Fe II 45 327 

Fe II 35 4671 

Fe Il 35 54°4 

Fe II 18F 58-0 

Fe II 35F 63°9 

Fe II 42 69:0 

Fe II 18F 82-0 

Fe Il 19F 84°8 

Fe II 49 97°6 35F 99°2 

Fe II 19F 20: 

Fe Il 49 34° 

Fe II 41 56° 

Fe II 19F 61° 

Fe II 18F 68: 

Fe Il 18F 73: 

Fe II 41 84: 

Fe II 17F 95° 

Fe Il 49 «16° 

Fe II 49 25° 

Fe II 19F 33° 

Fe II 18F 47° 

Fe II 17F 62 


43 37°3) 
49 54°9 


1F 70-4) 
49 76:0 
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6 
6 
6 
7 
I 


Fe II 19F 76°: 
Cr Il a3 «-67* 
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Fe II 18F 33: 


mMmnvwws! Se NST & 


a i 
a = 


Fe II 34F 77° 


100 


Fe Il 17F 95°8 
?Cr Il 23 109 


=n Oo 


_ 


ve) 
On ee ae Se ee ee ee moe) 


Fell = 35F 
Fell  19F 


b 00 


Fe Il 55 34° 
Fe II 39F 51-3 
Fe II 18F 56: 
Fe II 39F 80: 
Fe II F 87:5 
Fe II 33F oo- 
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TABLE II (cont.) 


Identification 
Number of Main Contributor Minor Contributors 


Wave-length —_ Int. Measures Element R.M.T. Element R.M.T. 


5614°4 
28-0 
42°8: 
5°°3 
57°1 
73°4 
5695°2 
5719°5 : 
26-4: 
39°0 
48-2 
5754°6 
5824°7 
35°6 
75°4 
82:8 
86-6 
94°1 
96-2 
5899°8 
5914°2 
571: 
67:6 
79°4: 
5991 °6 
6044°2 
6084°2 
6130°5: 
a 
48°8 


Fe Il F 27°3 ?Fe II 57 27° 
Fe II 18F 44:0 Fe II 30F 43° 
?Fe Il 2F 50-4 Fe II 39F so: 
?Fe II 57 5§7°9 ?Sc Il 29 57° 
Fe Il F 73:2 
?Fe I 2F 96-4 

> II 33F 21°3 
Fe II 39F 25°9 II 57 26- 


Fe II 34F 47:0 > IT 17F 45°7 
NII 3F 54°8 ?Fe II 17F 53:8 


?Fe II F 35:6 
He II 6 


‘e Il 57 34° 


MN NWEN HH NRHN NNW BWW eH HN WN DD Om 


6188-4 
6229°4 
39°3 
47°6 
6291 : 
6305 
12°5 
18-1 
47°7 
52 
64:0 
68-9 
6383°7 
6416°8 
326 
41°5 
56°3 
84°5 : 
6491°4 
6515°8 
a7°2 
48 
6562°9 


Namen bhb Wer NUR HH ew N NK NSP HW 
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TABLE II (cont.) 


Identification 
Number of Main Contributor Minor Contributors 
Measures Element R.M.T. Element R.M.T. 
NI 1F 83:6 ?Fe Il 86-7 * 
Ni Il 2F 66-8 
He 46 78: 
Fe II 31F 29° 


Wave-length Int. 


6587 : 
6666 
6677 
6728 
6746 
6809 ‘6 
35 
57 
74 
6880 


6944 


Fe Il 31F og: 


Fe Il 43F 73° 


—- ee NNR SP RWHP 


Fe Il 43F 44° 


| _ 





7065 
7156 
7171 
7310 
7379 
7413 
7453 
7512 
7691 
7712 
7867 
7915 
7973 
8000 
8114 
8155 
8222 
8285 
8305 
8356 
8417 
8446 
8467 
8494 
8544 
8598 
8619 
8664 
8681 
8714 
8750 
8832 
8863 


He 10 65° 
Fe II 14F 55° 
Fe II 14F 72: 
?Ni II 7F 07: 
Nill 2F 77: 
Ni Il 2F 11: 
Fe II 14F 52: 


vw 


Ww 


~~ 


?Fe II 14F 86: 
Fe II 73. 25° 
P Il 3F 69: 


~ 


?Cr II 11F 74: 
Cr Il 1F oo: 


uw 


~w 
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Notes To TABLE IT 

3838-34 Mg I seems to be indicated despite the non-appearance of the weaker lines 3829. 
3832, which may be masked by displaced H absorption. See remark under 4571-28. 

3849°66 Measured as double with 0-4 A separation on one plate. 

3877-3889 Complex structure, mainly due to hydrogen (double?) and helium (single?) 
(see Table ITI). 

3927°44 Wave-length of sharp absorption edge depends on one plate only which also shows 
faint minimum in absorption band at 3939:04 and 3931°2. Centre of wide absorption 
measured on two other plates at 3928-30. 
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3962°17 Wave-length of sharp absorption edge depends on one plate only. Centre of wide 
absorption measured on two other plates at 3962-89. 

4002°36 Noted as possibly double on one plate. 

4114°49 This line appears surprisingly strong for Fe II 23F,, but the wave-length agreement is 
good. Itis probably identical with the line observed by Swings and Struve in WY Gem 
(Ap. F., 93» 457): 

4152°45 This line, which appears relatively stronger in RR Tel, is attributed to [Co II], 
a°F,—b*®P, (not in R.M.T.). The predicted wave-length from ‘‘ Atomic Energy 
Levels’’, N.B.S. Circular, No. 467, Vol. II is 4152-59. It furnishes the only evidence 
for the presence of cobalt, other lines being weaker or in unfavourable regions of the 
spectrum. 

4187°80 Merrill records an unidentified line in XX Oph at 4187-81 (Ap. 7., 114, 40, 1951). 

4229°29 FeV 1F possible contributor, the stronger lines of this multiplet being liable to 
masking, 3970 by emission, 4136 by displaced He absorption (see Dufay and Bloch, 
Ann. d’Ap., 3, 3, 1940). No line appears here in RR Tel and this tells against the 
ascription to [Fe V], despite the lower limiting intensity recorded in Eta Carinae. The 
line might be a displaced component of Fe II 4233. 

4246°8 Component (with uncertain wave-length and intensity) in wing of very strong line 
may be due to Sc II 7. 

4283°55 Probably a violet component of Fe II 7F 4287 similar to the doubled H lines. 

4299°55 Measured as double with 0-81 A separation on one plate. 

4334, 4338 Absorption and emission components in complex H structure. 

4571°28 Measured as double with 1-1 A separation on one plate. The resolution of this 
double, together with the observation of 3838 seems to establish the presence of Mg I. 
See also under RR Telescopii. 

4898-66 This unidentified line is also present in RR Tel, relatively stronger than in Eta 
Carinae. A doubly or trebly ionized element seems to be indicated. 

5048-4 Although Fe II 20F' 5049-3 may contribute, the line is too strong, and the wave-length 
is discrepant ; it is here attributed chiefly to the forbidden transition a*P,,—c*D.,, 
5048-2 (not listed in R.M.T.). The upper state has E.P. 4-71, only 0-04 volts below the 
lowest odd state of Fe II. A line at this wave-length is also observed in RR Tel. 

55870 A diffuse line, attributed here chiefly to [Fe II] a*P,, —b*D., 5587-45 (not listed in 
R.M.T.). 

628-0 Another diffuse line, attributed chiefly to [Fe II] a°P,,—b*Dy, 5627-25. 
673°4 A moderately strong line, attributed to [Fe IT] a°G4, —c*G4,, 5673 °22 (notin R.M.T.). 
835-6 Attributed chiefly to [Fe II] a°G3;—c*G3;, 5835-44. 

5882-5896 Complex structure apparently due to Na I emission accompanied by displaced 
absorption, the absorption due to D,, being displaced by a shift capable of obliterating 
most of the D, emission. Sharp absorption at 5896-2 is presumably interstellar, 
the D, component is lost in the complex structure. Zn II may contribute to the 
emission at 5894. 

6291 Merrill finds an unidentified line at 6291-8 in XX Oph (Ap.7., 114, 42, 1951). 

6312°5 Attributed to S III 3F despite the discrepancy of 2:3 A in wave-length which is far 
too great for observational error. "The same wave-length is found for a stronger line in 
RR Tel. Since [S II] appears in both stars and a higher state of ionization appears in 
RR Tel, this line is practically certainly due to [S III]. No expected line should appear 
as a blend to the red of 6310-2. 

6318 Leading member of multiplet Fe II, z'D°—c*D (Edlén, private communication). 

6364 This line, measured faintly on one plate, might be due to O I 1F, but no trace of 6300 
or 5577 can be found. 

6548, 6584 This [N II] pair was measured on one plate of short exposure specially taken for 
the purpose. On all normal exposures the wings of Ha obliterate the neighbouring 
lines. 

8114, 8222 Two very diffuse emissions, apparent width about 30 A, probably representing 
unresolved blends. 

8446 This may be due to O I excited by Ly § through a fluorescent cycle. If so it represents 
the only evidence of oxygen in Eta Carinae in any stage of ionization. This line is much 
stronger in RR Tel. 

8494 This, by far the strongest line in the infra-red, is unidentified. H is only a minor 
contributor. The same line appears to be weakly present in RR Tel. 
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4. Representation of elements in Eta Carinae. 


H 


Ol 


H« is easily the strongest line in the spectrum and is responsible for 
the red colour of the star to the eye. ‘The gradient of intensity in the 
Balmer series (observed to 3703) is fairly rapid. Lines of the Paschen 
series are observed in the infra-red, but no continuum at the limit. 
The strongest lines have complex structures (see Tables III, IV). 
Well represented, 5876, 6678 and 4471 being the strongest lines. 
For displaced absorption see ‘Table IV. 

An exceedingly weak line, measured on only one plate, may be He II 
4080. 

No lines due to carbon have been found. 

No lines found. 

The lines 6584, 6548 and 5755 are strong, but the former pair is 
usually lost in the wings of Hz. 

Doubtfully present, the most certain evidence being from the line 
4097, but the upper E.P. of 30 volts is exceptional for Eta Carinae. 
A moderately strong line at 8446 may be excited by Lyman f through 
a fluorescent mechanism (Bowen, P.A.S.P., 59, 196). The weaker 
line 6726 which might appear in this mechanism is blended with Fe II. 


[Ol], [OIL], [OMI]. No lines found despite the regions of the well-known lines 


{FIT} 
{Ne III] 
Nal 


(S111) 
(Cli) 
Call 
Sc Il 


[Sc IIT] 


being covered by the investigation. A weak line at 6364-0, once 
measured, might be due to [OI], but the stronger line at 6300 was 
not found. 

Not found. 

3868 and 3968 are present, moderately weak. 

Diffuse emission at 5894 probably due to D,; displaced D, absorption 
may mask D, emission. Displaced D, absorption is measured (see 
Table IV). Higher dispersion is required for studying this complex 
structure. 

Probably represented by 4571 and 3838. ‘The lines 3829, 3832 may 
be lost in displaced absorption by H. 

Probably represented by a weak line at 4481-1. 

Not represented. 

A few lines are weakly present. 

The strongest line*, with measured wave-length 7867, appears. 
There is no other reasonable explanation. 

The pair 4068, 4076 are quite strong. 

The line 6312-5 is almost certainly due to this ion despite its lying 
2:3 A from the predicted wave-length (see RR Telescopii). 

The line 6153 (wave-length uncertain), which might well appear, may 
be masked by Fe II 6147, 6149. 

Not found in emission; highly complex absorption due to H and K 
displaced to the violet by 475 km/s is found (see Table IV). 

4240 probably present, blended with [Fell]. Other weaker lines 
also probably contribute to blends. 

The pair 3914, 3945 coincide with Fell lines, and a possible 
contribution from this ion cannot be estimated with the available 
dispersion. 


* See S. Pasternack, Ap. 7., 92, 129, 1940. The writer is indebted to Dr P. Swings for this 


reference. 
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Well represented by weak lines (up to 5°5 volts, upper E.P.); the 
lines due to Till seem to have faded slightly since 1919 relative to 
Fell. 

No evidence; the best lines lie too far in the infra-red. 

Represented by weak lines up to 5-0 volts, upper E.P. 

Same remark as for [TilIT]. 

Many moderately weak lines present, up to 9°5 volts, upper E.P. 
Like Till, CrII, may have faded slightly since 1919. 

Represented by 1F. 8125, 8230 are lost in very diffuse emission, 
8308 is blended with [NiII]; 8357 appears to be too strong and may 
be blended with another line (see under [FelI]). No evidence found 
for other multiplets in the photographic region. 

No evidence. 

No evidence. 

The expected strongest line 8347 might contribute to the observed 
line 8356, attributed partially to [CrII]. A weak line at 5695-2 
measured only once, might be due to the leading member of 2F. 
Responsible for numerous prominent lines permitted and forbidden. 
The permitted lines are observed up to 8-15 volts, upper E.P. For 
structure of strongest lines see Tables III, IV. 

Numerous lines present from multiplets 2F? up to 44F. A few 
multiplets not listed in the R.M.T. also are apparently represented. 
The highest upper E.P. is that of c?D,,, only 0-04 volts below the 
lowest odd state. 

Felll 4419 appears to be present in the wing of the strong line 4416. 

{FelII] 4658 and other weaker lines are present; for double emission see 
Table III. 

Coll No evidence. 

[CoII] Represented by the one line 4152-45 (g.v. in Notes to Table II). 

Nill Lines up to 7-1 volts upper E.P. found. 

[Nill] Lines present in strength, especially multiplet 2F in the infra-red 
(predicted by Swings, P.A.S.P., 56, 242, 1944). The laboratory 
wave-lengths in Table II are revised in accordance with the latest 
laboratory data. 

Cull No evidence. 

[Cull] The line 3806 is present. 

Zn Il Doubtfully contributes to 5894. 

Other elements: not found. 


5. Complex structure of strongest lines.—Generally speaking, the analysis of 
the spectrum of Eta Carinae is much simplified, compared with most novae, 
because the lines are relatively sharp and yield practically the same velocities.* 

The only examples of complex structure analogous to the spectra of novae 
occur in the very strongest lines, particularly those of hydrogen. Here not only 
do the emission lines appear doubled (as first noted by the Lick observers) with the 
red component considerably stronger, but there is also a diffuse absorption 
component shifted to the violet by some 450 km/s. 


* There is some evidence that [Fe II] lines are slightly shifted to the red compared with permitted 
Fe II, but the difference amounts to about 2 km/s and is only slightly in excess of the probable 
error. 
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Emission lines which are attributed to components of doubles are listed in 
Table III. It will be seen that for hydrogen the ratio of intensity is about 
two to one, and the separation decreases steadily from 3-5A for Hf to about 
one-third this value for the higher members of the Balmer series. Note also 
that the stronger component lies to the red of the normal wave-length by an 
amount which is greatest for the strongest lines. For [Fe II] the separation of 
emission components is larger—about 4A, and the ratio of intensity is about 
five to one. There is only one instance recorded for permitted FeII (4923) 
and here the intensity ratio is still greater (15:1), this displacement being 4-2 A. 

It is of interest to note that the two strongest lines of [Fe III], 4658 and 4701, 
appear to have violet-displaced emission components which have no other 
satisfactory identification. The displacements of 4-34 and 4-46A are slightly 
larger than those for [Fe II] and the intensity ratio is of the order 2:1. 

Thus judging by the relative intensities of the two components the secondary 
component is most prominent for H and [FeIII] (2:1), next for [Fe II] (5:1) 
and next FeII (15:1). 

Tasce III 
Double emission components 
A, As 
4862-62 48591 
4341-30 4338°5 
4102°29 4100°4 
397061 3969 °36 : 
3889°58 3887-94 
4889-65 4885-48 
4814°42 4810°8 
4452°02 4447°93 
4413°70 440992 
4359°08 4355°28 : 
4287 °39 4283°55 
4923°93 4919°7 
4657°74 465340: 
[Fe IIT] 4701°41 4696-95 


The absorption components only appear weakly on dense exposures and 
their reality might be doubted were it not for the fact that the displacements 
agree rather well with one another (considering their diffuseness), and in 
particular with the strong and incontrovertible absorption due to Call H and K. 

The measured displacements of these absorptions are listed in Table IV. 

It is to be noted that, as wit: the emission components, the displacements 
of the absorption components interpreted as velocities (Av in Table IV) are 
larger for the stronger members of the Balmer series; Av also appears to be 
correlated with the intensity of the undisplaced emission, in the same sense, 
for Fell and [Fell]. For instance, among [FelII] absorptions the largest 
displacement is found for 4416 (50N), the smallest for 4372 (9), 4889 (20) and 
5746 (20). 

It is not the purpose of this paper to analyse the physical meaning of these 
interesting structures of the strongest lines in Eta Carinae. The calcium 
absorptions, in particular, show subsidiary structure which should be studied 
with higher dispersion. But there can be no doubt that the main absorption 
component represented by Call, H, [FeII] and Fell is to be attributed, as 
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TaBLe IV 
Absorption measured in Eta Carinae 
5) Emission AX 
Intensity 
3830°61 5N — 4°78 
4334°3: 75N — 62 
4850°3 150 —I50 


Mean H 


4021°27 
4465 83 


Mean He 
5882°8 or - 7:2 


3927°44 . — 6:22 
3962°17 ’ - 6°30 


Mean Ca II 


~~} 8 
97°9 ‘ 
4502°55 
454318 
4621°8: 
4915°5: 


Mean Fe II 


{Fe II] 4237°73 6°35 
4280°80 — 6°59 
4366 63 5°77 
4405 83 7°87 
4407 44 8°81 
4445 °05 - 8:17 
49212 : — 6-9: 
48074 7°15 
4882°8 — 6:83 
53683 — 8-2 460 
55191: — 8-2: — 445: 
57390 - 80 420 


Mean [Fe II] —471 


* The emission line 4296:57 (Fe II 28), int. 8, is flanked by two sharp absorptions. 
Absorption of 4303-17 (Fe II 27) displaced by —475 km/s would have wave-length 4296-36. 
It is suggested that emission of 4296°57 (FeII 28) takes place primarily above layer of 
absorption. Laboratory and stellar intensities of Fe II 28 are as below : 

Lab. Stellar 

4178 15 (—) 
4296 8 

4369 3 

4122 6 

4258 4 

4087 pred. = 

Thus A 4296 does not seem to be weakened by any overlying absorption. 
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Monrtuiy Notices of R.A.S. 
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with P Cygni stars, to a shell surrounding the star and expanding with a velocity 
of about 475 km/s. And if this shell is identified with the directly observed halo, 
then, as mentioned in a previous note*, an estimate of the distance of Eta Carinae 
can be made (as for novae) by assuming that this velocity has been maintained 
since the star suffered its main outburst. The result is 1200 parsecs, in 
agreement with Bok’s estimate for the diffuse nebula NGC 3372 in the region 
of Eta Carinae. This supports the idea that the star is actually embedded in 
the nebula. 

Rottenbergy has recently calculated profiles of lines produced by a model 
of an expanding shell in which scattering and recombination processes are 
active. And the varying prominence of secondary emission and displaced 
absorption components observed in Eta Carinae for various atoms and ions 
could undoubtedly be reproduced by varying the parameters in Rottenberg’s 
profiles. His Fig. 6a in particular shows close correspondence to the hydrogen 
profiles in Eta Carinae. Rottenberg’s analysis presupposes that light from the 
star plus shell is received, unresolved, by the slit of the spectrograph. The above 
derivation of the distance attributes the displaced absorption to absorption in 
the visible shell which is fully resolved from the star at the slit. It may be that the 
observed absorption represents recent, or even continuous, ejection of matter 
much closer to the star than the visible shell. In this connection it is of interest 
to note that the star has appreciably brightened in recent years.] 

All the spectra discussed here relate to the “nucleus” which has a star-like 
appearance. The character of the spectrum, with bright lines predominating 
over a very weak continuum, suggests a low-excitation corona; the dimensions 
might well be of the order of several hundred astronomical units without 
presenting a detectable disk. 

One spectrum so far has been obtained of a portion of the surrounding shell, 
3” of arc from the nucleus, including Gaviola’s § condensation c’. This spectrum 
is quite different from the nucleus. There are very broad nova-like bands bordered 
on the violet by absorption in a relatively prominent continuum. Fell bands, 
permitted and forbidden, are still strong. Discussion of this spectrum must be 
postponed until other portions of the shell have been studied. 

6. Relative intensities of [Fe 11] lines—The metastable states of Fe II giving 
rise to the strongest forbidden lines have configurations 3d® 4s, 3d’ and 3d° 4s*. 
In these complicated conditions little is known about theoretical transition 
probabilities, especially for intercombination systems; and our knowledge of 
the transitions must therefore have largely an empirical basis on observations 
of Eta Carinae. 

In general, it can be stated that within forbidden multiplets of Fe II, the 
strongest lines in Eta Carinae are usually those which are listed first in the 
Revised Multiplet Table; the order in the R.M.T. seems to have the following 
basis : 

(a) Between terms of the same multiplicity, AJ =AJL gives the strongest 
lines (examples, multiplets 13F, 18F, 19F, 20F, 21F, 31F). 

(6) For multiplicity 6—4 or 4-2, AJ=AL—1 gives the strongest lines 
(examples, 0F, 14F, 23F). 

* A. D. Thackeray, The Observatory, 71, 167, 1951. 

+ J. A. Rottenberg, .W.N., 112, 125, 1952. 


}G. de Vaucouleurs and O. J. Eggen, P.A.S.P., 64, 155, 1952. But see following paper, p. 237. 
§ E. Gaviola, Ap. 7., 111, 408, 1950. 
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No exception to rule (a) has been found, but there are two clear-cut exceptions 
to rule (6). These are as follows: 

(i) Multiplet 4F (a®D —b*P); here AL = —1, according to rule (6) J =44—24 
(A 4799) should be the strongest line. A blended line is observed, intensity 5, 
but the strongest line of the multiplet in Eta Carinae is undoubtedly 44889 
(intensity 20), for which J =34—2}. This result is not so clear from the Lick 
intensities because of the falling-off in sensitivity of the 1913 plates near 4900 A; 
it is consistent with Spencer Jones’s intensities from a panchromatic plate. 

By analogy, the strongest line in the infra-red multiplet 1F should be 7637 
rather than 7419, but neither line has been observed. 

(ii) Multiplet 17F (atF —a?D); here AL=—1, and again the R.M.T. lists 
J =4}—24 (A5362) as the strongest line. This line has intensity 10 (blended 
with Fe II 48), much weaker than A 5527 (25) and A5412 (15) for which AJ = —1. 

In addition to the question of relative intensities within multiplets, there is 
the matter of relative intensities of multiplets considered as a whole. In general, 
of course, transitions between terms of the same multiplicity give the strongest 
multiplets (e.g. 7F, 18F, 19F, etc.), and secondly strong multiplets are not 
associated with AL >1. It is of interest to note that transitions between doublet 
terms have been observed for the first time in this paper (e.g. 42F, 43F, 44F), 
and that several observed lines which are not listed in the R.M.T. apparently 
represent such transitions (e.g. 5587, 5628, 5673, 5835; see Notes to Table II). 

Weak transitions between sextet and doublet terms are possibly represented 
by the lines 5650 (2F), 3979 (9F) and 3712 (10F). 

7. Table V presents the lines measured in RR Telescopii in the same manner 
as Table II for Eta Carinae. In the column of identifications, however, the 
laboratory wave-length is only given if the same identification has not already 
appeared in Table II. Moreover, while the wave-lengths from the 1951 and 
1952 plates have been combined to form a mean, the intensities for the two years 


TABLE V 
RR Telescopiu 
Mean wave-lengths and intensities of emission and absorption lines 
Wave- Int. Incr. 
length 1951 1952 1952 Identification 
3697°13 O° H 97°15 
3704°07 O° H 03°85 
11°74 a O° H I1‘Q7 
34°25 ° H 
50°18 I H 
70°56 2 H 
379802 3 H 
3819°64 se I He I 
3560 N H 
55°88 
59°1 
62-42 
68-61 
77°°9 
79°90 
87°73 
88-30 
3889°27 
3926°45 
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TABLE V (cont.) 


Wave- Int. Incr. 
length 1951 1952 Identification 


3933°6 = 33°66 
36:2 ee 5 35°91 
38°30 
64°85 64°73 
68-07 : ; 
72°55 
93° 
3995° 
4009" 
14° 
ry: 
26: 
55 
68- 
72° 
75° 
87° 
4089: 
4100: 
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TABLE V (cont.) 


Incr. 
Identification 
7F 
6F, 27 
6F 


7F 
6F 
14 
14 
7F 
4 
6F, 37 
37 
38, OF 
37, OF 
37 
38 
37 
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TABLE V (cont.) 


Wave- Int. Incr. 
length 1951 1952 1952 Identification 
5016'1 o'5 4 15°7 
18-6 2 42 
32°8 2F 
41°4 5 
48°2 —F 
5056°0 5 
5111'S 
58°7 
68:9 
5197°9 
5234°4 
61°8 
70°7 
76:2 
5297°5 
5316°8 
338 
63:0 
5376°6 
5411°9 


Mn 


5 
19F 
18F, 19F 
42 
49, 35F 


un 


70°4, Fe Il 18F 


-NeRK NUK WOLDS HK HU Ome Dew OD 


5432°7 
5527°0 
5535°4: 
5679°9 
5754°6 
5799°8 
5876-0 
5958°0 
6300°8 
12°5 
47°2 
63°7 
71°6 
6384°6 
6415°3: 
6456°3 
651674 
49 
63:0 
6582°4: 
6678°1 


— = Ne WW WwW 


sass 





7065 

7121 : NIV 23°% 

7135 : ; z 35°8 
7319 P 19°4, 18°6 
7329 2 29°9, 30°7 
8095 

3445 

$492 

3544 

S6oI 

8667 

8748 
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have been listed separately, and a separate column is given to draw attention to 
those lines which were somewhat stronger (+) or very much stronger (+ +) 
in 1952. 

Since RR Telescopii was considerably fainter than Eta Carinae at the time 
of observation, the limiting intensity of the lines is set by exposure time rather 
than by a faint continuum. 


8. Representation of elements in RR Telescopii 


H The Balmer series is recorded from H« to 3697 (one line further than 
in Eta Carinae) and the gradient is considerably slower than in Eta 
Carinae. Four Paschen lines are recorded, and there is some evidence 
of a faint continuum at the Paschen limit. 

Hel Well represented, the lines being relatively stronger than in Eta 
Carinae, and subject to considerable increase in 1952. 

He II 4686 is a very broad band, much stronger in 1952. 5412 is also 
recorded. 

Cil 4267 appears to be weakly present in 1952. 

Cill The 4650 band is present, strengthened in 1952. 

NII Represented weakly by lines from multiplets 3, 5, 12. 

[N IT] 5755 is apparently stronger than the pair 6584, 6548. 

NII The 4640 band is present greatly strengthened in 1952. 

NIV A broad band, with measured centre at 4055, is probably due to NIV. 
A line glimpsed on a weak infra-red plate in 1952 is probably due to 
the leading member of multiplet 4 (52 volts upper E.P.). 

Ol 8440 is the strongest line in the infra-red in 1951, but it was much 
weaker than He 7065 in 1952. 

[O 1} 6300, 6363 were present in moderate strength in 1952; 5577 is not 
found. 

folly Although 3727 was not recorded in the ultra-violet, the infra-red 
pair 7319, 7329 was found (in 1951) with roughly the same relative 
intensity as that recorded by Merrill in nebulae (P.A.S.P., 39, 254, 
1928). The non-detection on the weak 1952 plate does not necessarily 
mean that the lines had weakened. 

[OIII] 5007, 4959 and 4363, weakly present in 1951, all increased enormously 
in 1952. 

[NeIII] 3868, 3968 behaved just like the [O IIT] lines. 

MglI The line 4571 appears to be present, as in Eta Carinae. 

Mglil A very weak line, measured in 1952 only, may be due to MgII. 

Sill Multiplets 1, 5 are represented. 5041 is too strong to be entirely due 
to Sill; a line at this wave-length, which has been observed in several 
objects is suspected by Swings* to be due to [Fe IV]. 

{S11} 4068, 4076 are present. 

[SIII] The line 6312-5, attributed to this ion, is much stronger in RR Tel 
than in Eta Carinae. 

|AIIT] The line 7135 is present, exceedingly weak in 1951, but definitely 
appears on the weak 1952 plate. This apparent increase is consistent 
with the higher ionization observed in 1952. 


* P. Swings, 7.0.S.A., 41, 153, 1951- 
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Call A very weak line, measured in 1952, may represent Call K. 

Till The only line which may represent ‘Till is a very weak one at 4300 A. 
Others may be lost in blends. 

Vil No evidence; the lines recorded in Eta Carinae are too weak to be 
expected on the plates of RR Tel. 

CrIl, [|CrI1] Same remark as for VII. 

Fell Represented by multiplets 3, 27, 28, 37, 38, 40, 42, 49, 55, 74- 

{Fe IT] Represented by multiplets 4, 6, 7, 17, 18, 19, 20, 21, 23 (35). The 
increase of forbidden relative to permitted Fe II which has occurred 
ever since the transition to a bright-line spectrum was maintained 
from I95I to 1952. 

{[FellI] Better represented in RR Tel than in Eta Carinae. 1F is represented 
by 5270. 2F is doubtfully represented by 5032. Six lines of 3F 
appear. 

{[FelV] Possibly represented by 5041. See Sill. 

[Fe V], [Fe VI] Not found, but their appearance within the next few years may 
be expected. 

[Coll] Represented by the one line 4152, as in Eta Carinae. 

Nill Same remark as for VII. 

[Nill] 3993, 4201 and 4326 alone are recorded. Exposures in the red and 
infra-red are too weak to record 2F. 


g. Absorptions in RR Telescopu.—Absorptions displaced to the violet were 
measured accompanying a few lines of Hel in RR 'Telescopii, similar to those 


in Eta Carinae. More might have been found had it been practicable to secure 
the appropriate density on higher dispersion. The mean velocity in km/s found 
for these absorptions relative to the emission lines is as follows: 


Lines 1951 1952 
3888, 4026, 4471 — 685 — 865 


At 3888-30 a peculiar absorption was measured, very sharp on its longward side. 
This might be partly due to a doubling of the emission component (H + He) as 
found for the strongest emissions in Eta Carinae; alternatively there might be 
another absorption system with small velocity. But it is strange that a similar 
feature does not show in the other strong lines. 

10. Velocity of RRTelescopit from emission lines.—The wave-lengths in 
Table V were obtained by assuming a stellar velocity relative to the Sun of 
—62-3 km/s (as found in 1951); combined with the 1952 material a mean 
velocity of —61-8 km/s is found. 

There appears to be a systematic difference in velocity between permitted 
and forbidden Fe II lines as follows: 


[Fell]—Fell 
1951 +44 km/s 
1952 3°2 km/s 


It should be remembered that the excitation potentials are on the whole 
smaller for the lines of [Fe II] than for Fe II, and this fact may have some bearing 
on these systematic differences. ‘The difference is in the same sense as the much 
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smaller, and questionable, difference between [Fell] and Fell velocities 
previously found in Eta Carinae. 

11. Unidentified lines in Eta Carinae and RR Telescopii.—On the whole it is 
possible to suggest reasonable identifications for the great majority of lines in 
the two stars. Owing to the relatively low dispersion in yellow and red, a number 
of the identifications in this region may have to be modified later. The 
accompanying table lists some of the best established cases of lines for which 
no reasonable identification can be offered. This table omits those lines in 
Eta Carinae which are attributed to components of strong emission lines already 
listed in Table III. 

TaBLe VI 
Strongest unidentified lines 
Eta Carinae RR Telescopii 
Wave-length Int Wave-length Int. 
1951 1952 
4064°53 
2°5N 
4364°8 


> 
459608 
4898 :66 


58998 
7512 
S114 
8222 
8285 
8494 
8681 


2 2 


Nv 


->uUwuun Nn 


8492 


4596, 4898, in common to the two stars, appear with longer wave-lengths in 
RR Telescopii than in Eta Carinae, despite the fact that the measures should be 
good too-1A. It is probable that the wave-lengths for Eta Carinae are the more 
reliable. It has already been noted that in RR Tel [Fe IT] lines give a different 
velocity from FeII; and there is some indication that [Fe III] in RR Tel is still 
further shifted to the red. Both lines appear relatively stronger in RR Tel, after 
allowance for intensity scales. Thus a doubly or trebly ionized element seems 
to be indicated. Perhaps the most likely origin is [NiIII] or [FeIV]. 5041 in 
RR Tel, as already noted, is only partly due to Sill. 

4207 (RR Tel) was observed in Nova Pictoris in the “‘nebular”’ stage. 

5900 (Eta Carinae) may possibly be connected with the very complex structure 
around the Na D lines. 

8114, 8222 (Eta Carinae) are very broad bands which might be resolved into 
separate lines with higher dispersion. 

8494 is by far the strongest line in the infra-red in Eta Carinae. H 8502 can 
only be a very minor contributor. It is relatively weak in RRTel. There seems 
to be no possibility that Ca II 8498 contributes. One rather unlikely explanation 
is in terms of the member of the forbidden molecular transition of H,, observed 
in absorption by Herzberg.* 


’ 


* G. Herzberg, Ap. F., 115, 337, 1952. 





No. 2, 1953 Identifications in the spectra of n Car and RR Tel 235 


12. A summarized comparison.—A comparison of the intensities of lines in 
Eta Carinae and RR Telescopii (1951-52) indicates that while the two spectra are 
in general strikingly similar, the following differences are apparent : 

(1) The state of ionization and excitation is higher in RR 'Telescopii. This 
is indicated by the relative intensity Fe III/FeII, the strength of other doubly 
ionized elements C III, N III, OIII, SIII and AIII in RR Tel, and the presence 
of lines of high E.P. due to HeI, HeII, NIII and NIV. RR Tel has begun to 
show a transition from the ‘Eta Carinae” to the “nebular” stage of a slow 
nova. 

(2) The intensity gradient along the hydrogen series is considerably slower 
in RRTel than in Eta Carinae, and moreover there is some evidence for a 
continuum at the head of the Paschen series. Thus the electron temperature 
may be considered to be higher in RR Tel. 

(3) The most outstanding difference between the two stars undoubtedly 
concerns the oxygen lines. In Eta Carinae no forbidden lines due to oxygen 
have certainly been detected and the only evidence for its presence lies in the 
detection of OI 8446. In RRTel neutral, ionized and doubly ionized oxygen 
are all well represented, and in 1951 the permitted line 8446 was the strongest 
line in the infra-red. 

Taken by itself, the strength of OI 8446 is a very poor indication of oxygen 
abundance because it depends not only on the density of OI atoms in the ground 
state but also on the intensity of the exciting Ly 8 and on any Doppler shift between 
Ly B and the absorbing oxygen atoms. The strength of the [OI] lines similarly 
depends not only on the density of OI atoms in the ground state, but also on the 
frequency of electron impact raising the OI atoms to the !D state. 


TaBLe VII 
Observed intensity 
Eta RR 
Carinae Telescopii 
Ion iP. A e 1951 1952 
[O 1] * ¥3°6 6300 6°3 X10 
[O IT} 35°0 7319 0°23 a 4 
[O IIT} 54°7 4363 2°8 oe a N 
[O IIT] 54° 5007 5°7X 107° ae 
[N IT] 29°5 5755 2°2 ee 30 
[N IT] 29° 6584 74x se . 40: : 
[Ne IIT] 63°3 3868 4°8 x10 “21 4 N 30 
[S IT] 23°3 4068 3°9 X10 _ 12 3 
{[S II1] 349 6312 5°6 bee 10 9 


/ 


Taken together, the dual argument of the observed strength in RR Tel of 
OI 8446 (despite the higher state of ionization) and of the forbidden lines due 
to [OI], [OII] and [OIII], gives very strong support to the idea that oxygen 
abundance must be considerably higher in RR Tel than in Eta Carinae. The 
mechanism for the production of 8446 depends on radiative processes, that for 
the forbidden lines on collision processes. ‘The two stars are strikingly similar 
in the appearance of their forbidden lines, such as [NII], [SII] and [FeIT]. 
Oxygen alone stands out as a glaring exception and there seems to be little escape 
from the conclusion that a difference in relative abundance offers the most 
reasonable explanation of the differences in intensity. 
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It may further be pointed out that in the short-lived “Eta Carinae” stage 
of Nova Herculis in 1935 April, [OI] 6300 was exceedingly prominent and 
[OIII] also began to appear.* In the similar stage of development of Nova 
Pictoris, [O III] was also prominent. 

In Table VII the magnetic dipole (m) and electric quadrupole (e) 
probabilities as calculated by Pasternackt are compared with the observed 
intensities of various forbidden lines due to O, N, Ne and S in the two stars. 
In this comparison it should be remembered that the limiting intensity recorded 
is lower for Eta Carinae that for RR Tel. This table emphasizes the extraordinary 
absence of forbidden oxygen lines in Eta Carinae. 


Radcliffe Observatory, 
Pretoria : 
1952 October 30. 


* F, J. M. Stratton, M.N., 96, 373, 1936. D. B. McLaughlin, Publ. Mich. Obs., 6, 196-198, 
1937- 

+ H. Spencer Jones, Cape Annals, 10, Pt. 9, p. 127, Table XLII, 1931. 

tS. Pasternack, Ap. F., 29, 129, 1940. 





NOTE ON THE BRIGHTENING OF ETA CARINAE 


A. D. Thackeray 


(Received 1952 November 5) 


Summary 
The recently reported brightening of 7 Carinae refers to integrated 
magnitudes ‘“‘ nucleus plus halo”’. Gaviola’s isophotes show that the halo 
must have brightened. The brightening of the nucleus is probably very 
much less. 





De Vaucouleurs and Eggen* have recently published visual, photographic and 
photoelectric observations of 7 Carinae which indicate a brightening by more than 
a magnitude to about 6™-5 (visual) in recent years. ‘The accurate photoelectric 
observations of 1952 show that the star is still subject to irregular fluctuations of 
several tenths of a magnitude. 

The spectrum of the “ nucleus,’ 


,’ 


according to the visual estimates of line- 


intensities given in the foregoing paper, does not however appear to have changed 
to any marked degree from the Cape and Lick spectra of some 40 years ago, when 
the visual magnitude was recorded as 8-0. 

The question arises whether the brightening refers to the central nucleus which 


is effective on slit spectra or to the surrounding halo noted by van den Bost and 
studied in detail by Gaviola} and the writer.§ It is clear that any estimate of the 
brightness of » Carinae made with binoculars or from photographs of moderate 
scale will refer to the integrated magnitude “ nucleus plus halo”. Even with the 
scale of the Newtonian focus of the Radcliffe 74-inch reflector (22-5 seconds of are 
per mm) the exposures have to be cut very short if the “‘ stellar” image is not to be 
completely lost in the halo. Visual inspection at the telescope immediately 
suggests that the contribution of the halo to the integrated magnitude must be 
large. 

In order to make a numerical estimate of the contribution of the halo, Gaviola’s 
isophotes | (from photographs taken in 1945) have been used. ‘The areas included 
by isophotes numbered I to 9 have been measured with a planimeter. The steps 
in exposure-time were 2:1, and if we assume a Schwarzschild coefficient p =0°8, 
the corresponding steps in intensity are 1: 1-74. The percentage contributions of 
the various zones between adjacent isophotes were thus found to be as follows : 


Percentage 


Percentage ‘ 
— Zone : 
Light 


Light 
II 5/6 10 
21 6/7 8 
20 7/8 4 
16 8/9 2 

8 


. de Vaucouleurs and O. J. Eggen, P.A.S.P., 64, 185, 1952. 
. H. van den Bos, Union Obs. Circ., 100, 522, 1938. 
. Gaviola, Ap. F., 111, 408, 1950. 

. D. Thackeray, M.N., 110, 524, 1950. 


Zone 
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To illustrate the effect of the Schwarzschild coefficient, if p = 1, the contribution of 
the central zone (about 1” across) is only increased from II to15 percent. Allow- 
ance for scattering in the emulsion, seeing, etc., will of course increase somewhat 
the contribution of the central nucleus. But the contribution cannot be put at 
more than 20to 25 percent. This means that atleast I™-5 must be added tocurrent 
estimates from small-scale photographs or with binoculars to arrive at the magni- 
tude of the “nucleus”. 

With such a small contribution from the nucleus it is clear that the increase in 
magnitude in recent years must mean that the halo has brightened. The nucleus 
may have brightened too, but if so the spectroscopic observations imply that the 
various emission lines have all intensified by about the same amount. This is not 
impossible, but could be most easily understood if the nucleus were formerly 
subject to obscuration which has recently cleared. 

Fig. 3 in the paper by de Vaucouleurs and Eggen includes observations by van 
den Bos (7™-g vis.) made with the 26}-inch refractor of the Union Observatory, 
Johannesburg (1932-1936). These observations are the only published ones 
which certainly refer to the nucleus alone; they are therefore not directly compar- 
able with estimates of the integrated magnitude. _If the halo was as bright then as 
in 1945, the observations imply an integrated visual magnitude of 6-4 or brighter as 
early as 1936. 

The only suitable Radcliffe photograph for attempting an estimate of the photo- 
graphic magnitude of the nucleus is a 5-second exposure on Ilford Process 
(supercoated) taken on 1949 April 2, and even here the central image is badly 
distorted by the fainter components B, C. The image is intermediate between 
those of HD 93250 and 93162, for which only approximate magnitudes are known. 
The nucleus cannot be much brighter than 8™-0 photographic and may be fainter. 
There is no indication that the nucleus has brightened by a magnitude since van 
den Bos’s observations; components B and C do appear to have brightened 
since 1936, but without knowledge of their colours, no valuable comparison can be 
made with this photograph. 

In conclusion, it may be remarked that the rich bright-line spectrum of 
» Carinae introduces peculiar difficulties in the comparison of magnitudes obtained 
by different methods. Photographic (or photoelectric) magnitudes will depend on 
the sensitivity of the recording systemtoHf. Eye estimates will depend even more 
on sensitivity to Hx. This remark is not intended to disparage the value of 
visual observations. The fluctuations of the star certainly deserve most careful 
attention. 


Radcliffe Observatory, 
Pretoria: 
1952 October 31. 





CONVERGENT POINT AND SPACE MOTION 
OF THE URSA MAJOR CLUSTER* 


R. M. Petrie and B. N. Moyls+ 
(Received 1953 February 20) 


Summary 


New observational material is used to determine the space motion. 
Criticisms of the methods previously employed are considered and it is shown 
that, for the Ursa Major cluster, the least-squares solution, to give differential 
corrections to an assumed convergent, is justified. A convergent point found 
from the N30 proper motions and trigonometric parallaxes predicts radial 
velocities agreeing with the observed values. The convergent point is 
A=299° 6+ 2°:2, D=—32°-4+2°:1, and the space motion, relative to the 
Sun, is 15°2+0°8 km/sec. 





1. Introduction.—The Ursa Major cluster, the nearest of the groups of stars 
possessing a common motion, has been the subject of numerous researches 
since its recognition by Proctor in 1869.{ At one time it was considered that 
the cluster contained nearly one hundred stars and covered a large part of the 
sky.§ Recently, however, evidence has been obtained pointing to the more 
restricted membership of eleven stars in the environs of the constellation 
Ursa Major, the stars of the larger group not conforming to the community of 
motion usually considered present in a true moving cluster. For example, an 
extensive radial-velocity study at Victoria|| showed that the eleven stars in 
question had motions differing systematically by about 4 km/sec from that found 
for the larger group and, more significant, the dispersion in radial velocity was 
less for the smaller group in spite of the fact that some of the eleven stars were 
difficult objects for radial-velocity determinations. In what follows we shall 
assume that these eleven ‘‘nucleus”’ stars form the moving cluster and shall 
ignore the larger “‘stream”’. 

In order to make a study of the kinematical properties of the stars of a moving 
cluster it is necessary to determine the convergent point. It was found that the 
application of the conventional methods of Charlier and Bohlin to the proper 
motions of the nucleus stars to calculate a convergent failed to give satisfactory 
results.“ Because of this difficulty the method of differential corrections to an 
assumed convergent was applied by one of us|) to the problem, with apparent 
success, as judged by the prediction of radial velocities solely from the data of 


* Contributions from the Dominion Astrophysical Observatory, No. 31. 

+ Department of Mathematics, University of British Columbia. 

t A detailed list of references is given by Rasmuson (Med. Lunds O., Series I, 3, No. 26, 1921) 
and references to more recent work may be found in papers by Delhaye (B.A.N., 10, 409, 1948) and 
Miss Roman (Ap. 7., 110, 205, 1949). 

§ W. M. Smart, .W.N., 99, 441 and 710, 1939. 

R. M. Petrie, P. Dom. Ap. O., 8, 117, 1949. 

©“ R. M. Petrie, W.N., 109, 693, 1949. 
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positional astronomy. At the same time Miss Roman* independently employed 
differential corrections in almost the same manner. Roman and Petrie obtained 
convergents differing by more than the observational errors warrant, but it may 
be shown that a large part of the difference arises from different adopted proper 
motions. 

Following the above papers an analysis of the problem of finding the 
convergent point from the proper motions was published by A. Brown.t He 
made certain objections to the method of differential corrections, as it had been 
applied, and suggested that the method of ‘‘ maximum likelihood” be used to 
calculate the convergent. At the same time he proposed an improved treatment 
of the problem by introducing a transformation of the coordinate system. It 
may be noted that Brown later discarded the maximum-likelihood solution 
for the Ursa Major cluster and adopted, from additional considerations, a 
convergent point quite close to that found by Petrie by the least-squares solution 
for differential corrections. 

The discussions mentioned above induced us to study further the Ursa Major 
cluster because of the importance of ascertaining the best determinable values 
of its dimensions and space motion. Our purposes are to employ new and 
improved observational material and to investigate the objections made by 
Brown to the earlier treatment. ‘The new observational material comprises: 

(1) Additional radial velocities for all the stars, strengthening particularly 
the results from diffuse-line spectra and including three stars not previously 
observed at Victoria. 

(2) New proper motions of high accuracy and homogeneity, derived by 
H. R. Morgan on the fundamental system N30. 

(3) Trigonometric parallaxes from the new Yale Catalogue. { 

The following section of this paper is devoted to the question of the most 
acceptable method of finding the convergent point from the proper motions. 
In the third section the findings are applied to the observational material listed 
above, to calculate the convergent point and space motion of the Ursa Major 
cluster. 

2. The determination of the convergent.—The raw material for the determination 
of the convergent of a moving cluster consists of the proper motions of the 
individual members. More precisely, for each star the observed quantities are 
the components x and y of the motion in right ascension and declination, 
respectively. These quantities determine the observed position angle 4, since 
cot6,=y/x. The previously mentioned methods all searched for a point on the 
celestial sphere which yielded computed position angles 6, which gave the 
“best” agreement with the observed angles 9. Petrie minimized the quantity 
Yp(9)—9-)? with certain weights p; Roman minimized Yq (cot 6, —cot 4)? with 
different weights; while Brown applied the method of maximum likelihood to 
the distribution function of cot @. It will be our primary task to show that these 
methods are essentially the same when applied to the Ursa Major cluster, and 
that they do give a reasonable convergent for this cluster. Simplifications may 
be applied to Brown’s method which reduce it to Petrie’s, except for insignificant 
differences in weighting. Roman’s criterion agrees with the others when the 


*N. G. Roman, Ap. 7., 110, 205, 1949. 
+ A. Brown, Ap. 7., 112, 225, 1950. 
} L. F. Jenkins, General Catalogue of Trigonometric Stellar Parallaxes, Yale, 1952. 
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position angles are not too far from go°, but, as Brown* has pointed out, it 
becomes unreliable otherwise. 

It is reasonable to assume, as Brown has done, that the observed proper 
motion components x and y (of a cluster member) have Gaussian distributions 
about the true components ¢ and y, respectively. Let o, and o, be the 
corresponding standard deviations. These distributions determine a distribution 
function for 6=cot~'(y/x) about the true position angle 0,=cot-!(n/é). When 
o,=0,, this distribution is given by g(@)d@=Probability of an occurrence of 
a value of @ in the interval 6 to 0+d0 


dé . aa k cos (6 — 6) : 
= le" +kcos(0—0,)e~ sin oe e~ at |, (1) 
0 
where k=(&+7?)!?/o,. (2) 
The assumption that o,=0, is not “too drastic”; in fact, it appears to be 


wholly reasonable in view of the published probable errors and their undoubted 
uncertainties. 

Formula (1) admits of certain simplifications which depend on the value 
of k. The quantity k is a measure of the accuracy of the determination of the 
proper motion of the star; if k is small, this determination is relatively poor. 
It is of course a matter of opinion as to the point at which proper motions are too 
poor for consideration. We are inclined to set the deadline at about k=7; that 
is, proper motions for which k<7 should not be included in the convergent 
calculations. There is a difficulty in computing k when € and 7 are unknown, 
but it is sufficient for our purposes to replace € and 7 by x and y in this calculation. 

If we admit only stars for which k>7, formula (1) may be considerably 
simplified.+ Thus for k >7, the distribution of @ is given effectively by 


g,(0) dd = k(2m)-¥? cos (0 —0,) e~ #* sin* 8 gag. (3) 


When k =7, a plot of distribution (3) shows that it is for all practical purposes 
indistinguishable from the normal distribution 


(0) d0 = k(2m)-2e-O—%" g9, (4) 
Indeed, Je HO 8" _ cos (6 —0,)e~ #8 O—%) | <o-004 


for all pertinent values of 6—6,; that is to say, the difference in ordinates of the 
two distribution curves is always less than 0-4 per cent of the maximum ordinate. 
Since (3) tends to (4) as k tends to 00, we may safely take (4) as the distribution 
for 0. 

The application of either a least-squares argument or the principle of maximum 
likelihood to (4) will lead to the criterion that Xk?(6, —@,)* should be minimized. 
We agree with Brown that the maximum-likelihood method is a reasonable basis 
on which to pursue our problem. In this case it yields the same criterion as a 
least-squares argument on the variable 6, and thus the methods of Brown and 
Petrie are equivalent. 

For the Ursa Major cluster each 6, is close to 90°, so that cot@?=2/2—6; 
hence in this case Roman’s treatment is effectively the same as the others. Petrie’s 
weights are roughly proportional to k. However, values for the Ursa Major 


* Brown, loc. cit. 
+ This approximation is made by Brown, loc. cit., p. 235. 
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convergent found using firstly the weights k, and secondly the weights k’, 
differed by not more than 1°, well within the probable error. It appears that 
the minimizing of N = =k*(4,—6,)* is relatively insensible to moderate variations 
in the weights. This implies further that the inaccuracies involved in computing 
k from the observed, rather than the true, proper motions are of no consequence. 

It is interesting to note that the maximum-likelihood principle applied to 
cot@ leads to the minimizing of N rather than L = Zk? (cot@,—cot6,)*. It is 
obvious that cot @ becomes unmanageable as @ approaches zero, and minimizing 
L leads to erratic results. ‘These difficulties with cot @ are reflected analytically 
in Brown’s demonstration that the distribution function for cot@ is biased. 
It should be recorded here that distribution (1) for @ (and all its subsequent 


simplifications) is not biased; that is \ ~98(9) dO =6,. 


The usual way of minimizing N is to apply the method of least squares to 
the difference equations* 


sin @,.cosec (A — x) {cosd tan Dcot (A —«) — sind cosec(A — x)} dd 
— sin* #,.cosec (A — x) cos sec? DdD = dé = 6, —4,. (5) 


‘This yields corrections dd and dD to an approximate convergent (4, D). 
Objections to this differential method appear to be beside the point if we bear 
in mind that the method is only intended to lead to the minimum of the residuals. 
‘The acceptance of this, or any other solution, is contingent upon the verification 
by computation that the ‘‘best”’ position has actually been found. When this 
result is obtained, we lay aside the tool and are not greatly concerned over its 
imperfections. 

Regardless of how the point C which minimizes N is found, it would be 
dangerous to accept C as the convergent without considering the values of V 
in the neighbourhood of C. A plot of N for clusters such as the Ursa Major 
yields a surface having the form of a trough. The bottom lies roughly over the 
great circle which joins the cluster centre to C; we designate this circle as the 
central circle of the cluster. Along this central circle, N changes relatively 
slowly; perpendicular to it N increases rapidly. This means that we should 
expect that the convergent lies close to the central circle; but we are not so sure 
that C is significantly better than other neighbouring points on the central circle. 
The reliability of C must be judged from a consideration of the shape of the 
trough. In the case of the Ursa Major trough Brown does not consider the 
solution to be very significant. On the other hand, we feel that the point C, 
accompanied by a rough idea of the trough, gives a reasonably described 
convergent for this cluster. It is not necessary to present the trough in detail. 
One can obtain an adequate picture using the probable errors in the coordinate 
system given by Brown. It is appropriate to mention here that an application 
of the differential method starting with a test convergent deliberately chosen 
more than 10° along the trough from C leads back to C. Thus along the central 
circle of the cluster it is possible to find a significant “least”? point. A graphical 
demonstration is given in Fig. 1 where the values of N are plotted in the region 
of the convergent. The rapid increase perpendicular to the central circle is 
obvious. Less spectacular but equally significant is the change in N along the 
central circle. Although this latter variation is less rapid, it shows nonetheless 

* R. M. Petrie, P. Dom. Ap. O., 8, 117, 1949. 
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that our methads have led to the minimum value of N and that the minimum 
is sufficiently well defined to yield a convergent with a satisfactory precision. 

In connection with the probable errors, Brown has pointed out another 
difficulty. When the differential method is used, it is customary to compute 
the probable errors in dA and dD, and attribute these to A and D. In ordinary 
circumstances this procedure is acceptable, but there is some doubt as to its 
validity for the convergent problem. ‘The approximations involved and the 
corrections necessary are discussed in a paper by Piotrowski.* ‘This problem 
must be faced for each cluster. In the case of Ursa Major, the corrections 
required are inappreciable. 
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Fic. 1.—Values of Zp( 00 — 9c)? in the region of the convergent puint. The sums of the weighted 
squared residuals are shown for certain trial convergents; the inclined lines are those of the trans- 
formed coordinate system, The tendency for the residuals to be a minimum along the new equator is 
evident. The variation of the residuals in the neighbourhood of the convergent (299 °6, —32°*4) 
shows that it may be determined within acceptable limits. 

This figure is given for diagrammatic purposes only. In order to show the residuals without 
undue crowding, the scale across the ‘‘ trough’’ has been expanded. The lines parallel to the new 
equator are 0°5 apart; the closer pairs of lines perpendicular to this equator are 2° apart. 


As has already been noted, Brown has proposed a treatment using a 
transformation of coordinates. Here the cluster centre lies on the new equator, 
and the average proper motion of the cluster is parallel to it. A suitable procedure 
is to measure right ascension, o, from the intersection of the old and new 
equators. The new declination is denoted by 8. In the new coordinates the 
position angles are all approximately 90°, so that bias in the use of the function 
cot@ is eliminated. This is important for an application of Roman’s method, 
but would not alter the method proposed here since we use @ rather than cot 0. 


*S. L. Piotrowski, Proc. Nat, Acad. Sci., Washington, 34, 23, 1948. 
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In fact, the differences k(@,—6,), and hence N, remain invariant under the 
proposed transformation. One distinct advantage in transforming coordinates 
is that the probable errors in the coordinates of the convergent are along and 
across the trough; hence they reflect at once the trough difficulties. Since 
the declination of C is nearly zero in the new coordinates, many of the 
computations are simplified; for example, a test convergent can be selected 
on the equator. The probable-error calculations are also simplified, particularly 
the Piotrowski corrections. These computational advantages offset the obvious 
labour involved in making the transformation. On the other hand, from the 
point of view of simplicity and directness of method, the original coordinates 
are to be preferred. The question of whether or not to transform coordinates 
seems to be largely one of personal preference. 

In order to complete the treatment, we have given in an appendix the method 
of finding the convergent using the transformed coordinates. 

Having satisfied ourselves that, in the case of the Ursa Major cluster, it is 
permissible to apply the method of least squares to the position-angle residuals 
from a preliminary convergent, we proceed to the observational data. 

3. Observations and calculations. The radial velocities.—A series of spectro- 
grams was obtained in 1951 with the Cassegrainian-focus spectrograph, using two 
prisms and a camera of 96 cm focal length. This instrument, designated IIL, 
gives a linear dispersion, at Hy, of 11-0 A/mm, and was used with a slit-width 
of 0-05 mm. The spectra were photographed and measured under the same 
conditions as those of the earlier paper* and the reader is referred to it for details, 

All the spectra of the new series were measured for radial velocity by 
Mrs R. Edmonds of the Observatory staff, while the difficult spectra were 
measured also by Petrie. Personal equations in the sense Edmonds minus Petrie 
were found to be 

sharp-line spectra: —0-1+0-4 km/sec, 


diffuse-line spectra: + 3°7+0°7 km/sec, 


while the accuracy of measurement was about the same for both. ‘The measures 
by Mrs Edmonds upon sharp-line spectra were used directly; those upon 
diffuse-line spectra were corrected by —3°7 km/sec before adoption. The 
velocities are thus on the same system as the previous values and are combined 
directly with them. 

Standard velocity stars were observed on the thirteen nights during which 
the Ursa Major stars were photographed. The mean residual from the adopted 
standard velocities is —0-8+0-2 km/sec, and a longer series with the IIL 
spectrograph yields a still smaller difference.* It was decided not to apply any 
correction to our velocities since they are combined with the earlier values and 
any error, caused by the neglect of a possible correction, will be a fraction of 
a kilometre per second. This is well within the uncertainty in the predicted 
velocities caused by uncertainties in the position of the convergent point and 
space velocity of the cluster. 

Table I gives the final combined velocities, and their probable errors, for the 
eleven nucleus stars. The eighth and ninth columns give the number of plates 
and the assigned weights, respectively. ‘These weights are obtained from those 


* R.M. Petrie, P. Dom. Ap. O., 8, 117, 1949. 
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assigned during measurement and are not the more severe system which would 
result from the application of the theory of errors to the calculated probable 
errors. 

It is of interest to compare our velocities with those determined at the 
Lick Observatory with the Mills three-prism spectrograph. The differences, 
Victoria minus Lick, are given in the last column of the table. The individual 
values are satisfactory and the mean difference + 0-3 + 0-2 km/sec is insignificant. 
In our applications only Victoria velocities were used for the sake of uniformity ; 
it is obvious that the inclusion of the Lick values would not make any significant 
change in our results. 

The proper motions.—The discussion in Section 2 above makes it plain that 
a successful calculation of the convergent point demands relatively accurate 
proper motions. Hence we were anxious to obtain the best values available 
and were fortunate in securing from Dr H. R. Morgan, thfough the kindness of 
Dr Clemence, the revised proper motions in advance of publication of the N30 
catalogue. Dr Morgan’s values are believed to be very homogeneous and free, 
to a high degree, from systematic errors. ‘They were used exclusively for 
calculating our adopted convergent. 














TABLE I 
The radial velocities of the stars of the Ursa Major cluster 

1900 se Radial No. " 
| HD : , m, | Type vabualey = Wt.| Vict.— Lick 

= , km sec km ‘sec 

I 91480 10 28-7 57 36 5°16| A8& 10°'4+0°3| 19 | 41 26+0-9 
2 95418 10 55°8 56 55 |2:44| Ao 12°2+0°3/] 17 | 37 | —o-8t0°3 
3 | 103287 11 48°6 54 15 2°54 | Aon -13°5+0'8] 28 | 13 -0°6+ 2°2 
4 | 106591 I2 10°5 57 35 3°44 | Aon 16-5 +0-9 | 24 | 10 o7tss 
5 | 111456 12 44°3 60 52 | 5°87] Fs g:1+0°5 8 | 16 -Pst23 
6 | 112185 12 49°6 56 30 1°68 | Ao ~ 94+ 05 | 10 | 18 -o-6+1-1 
7 | 113139 12 56°4 56 54 4°89 | Ag4n | — 8:7+0°5] 16 | 2 -o-gt It 
8 | 115043 13 09°5 57 14 |6-74| Go — $-3+0°3 5 | 12] —o~4+t1°0 
9 | 116656 13 19°9 55 27 F401 AAG] — FTES EL TO fF BE | wcicessncavss 
10 | 116657 13 19°9 55 26 3°96 | A8s 9°4+0°5] 13 | 28 +14t1‘o 
Ir | 116842 14 252 55 31 4°02] Ain] —12-4+1-0] 17 8 -o-2rt 1-1 



































For purposes of comparison we also made a solution for the convergent 
point from the General Catalogue motions. While the convergents do not differ 
materially in the different solutions, the derived probable errors clearly 
demonstrate the superiority of the N30 motions. 

It may be noted that we used mean values for the proper motions and radial 
velocities of the components of Mizar, a visual binary. It appears that the 
observed values may be influenced slightly by orbital motion. In forming the 
means, the values for Mizar A were given double weight because of the greater 
luminosity, and presumably greater mass, of that component. This procedure 
should be sufficiently accurate for our purposes in view of the size of the 
observational errors. The proper motions and position angles used in our 
solution are given in the third and fourth columns of Table ITI. 
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The parallaxes.—A part of this study was intended to supply evidence as 
to the accuracy of the Victoria system of radial velocities for the A-type stars. 
To this end we require the trigonometric parallaxes so that the convergent and 
space motion of the cluster may be found entirely from the data of fundamental 
astronomy. ‘Trigonometric parallaxes from the new Yale Catalogue* were 
kindly supplied to us, in advance of publication, by Miss Louise Jenkins. These 
values are listed in the seventh column of Table III. 

Numerical results.—The first step in applying the data is to compute the 
convergent point. In order to bring out the sensitivity of the derived convergent 
to matters of procedure, a number of solutions were made as follows: 


(1) a solution in transformed coordinates as suggested by Brown, using 
arbitrary weights ; 

(2) a similar solution using weights suggested by the distribution of 
observational errors in the proper motions; 

(3) a solution applied directly without transforming coordinates, using 
weights as in (2); 

(4) a solution as in (3) except that a poor preliminary convergent was 
deliberately chosen. 


TaBLe II 


Convergents of the Ursa Major cluster 











Convergent Residuals 
Solution | 
Preliminary Final | Preliminary Final 
| 
(1) 
‘Transf. Coordinates 300°3, 33 300-4, 33°0 | 22°8 22°46 
Arbitrary Weights + 2:8 +2°6 | 
(2) | 
‘Transf. Coordinates 300°3, 43 299°5, 32°4 47°9 46-2 
Error Curve Weights +2°6 + 2°! 
(3) 
Direct Solution 300°3, 33 2996 32°5 47°8 46°1 
Ord. Coords. + 2°2 +2:'1 
(4) 
Direct Solution 310°3, 28 300°1, 32°3 16000 75 
Poor Prel. Conv. +28 +2°4 
Direct Solution 300 °3, 33 303°9, 36°7 159 153 
G.C. Motions + 4:0 + 3°38 























For the above solutions the N30 proper motions were used, but we also 
calculated a convergent for comparison using other motions as described above. 
In all cases the procedure followed was to select a preliminary convergent and to 
derive corrections to it by a least squares application to the weighted residuals 
in position angle. The results of the various solutions are displayed in Table IT. 


* L. F. Jenkins, loc. cit. 
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The values in Table II demonstrate some interesting conclusions about 
determining the convergent point as discussed in Section 2. These are: 

(a) the solution is insensitive to a reasonable change in the weighting system, 
see (1) and (2); 

(6) the solutions, using the two different coordinate systems, give identical 
results, see (2) and (3); 

(c) the solution is stable since a very poor preliminary convergent leads us 
to the same final convergent as the solutions employing a very accurate first 
choice, see (3) and (4). 

It may be noted in addition that the General Catalogue motions give 
substantially the same convergent as the N30 system but the superiority of the 
latter is shown in the probable errors. 

There appears then to be no difficulty in obtaining a good determination of 
the convergent point and we therefore adopt the values in (2) and (3) above as 
follows: 

A= 299°6+2°:2 
(1950 coordinates). 
D= —32°-44+2"1 

The next step is to attempt to calculate the space motion of the cluster from 
the trigonometric parallaxes, the proper motions, and the angular distances from 
the stars to the convergent. It is important to obtain the space motion from 
these data alone, since then we may employ the radial velocities as an independent 
check to verify which stars are cluster members, and we may also use the 
established members to check our system of radial-velocity determinations. 

The principal uncertainty in calculating the space motion is introduced by 
the errors in the parallaxes. The space motion, Vy, is given by 


Vo=4'74 cosec A 


and the weights for each star may be assigned from the known errors in p, 7 and A, 
The final result for the space motion, weighting according to the inverse squares 
of the combined effect of the errors, is 


V,=15:'2 +0°8 km/sec. 


We may now calculate the radial velocities from V’,cosA and compare them 
with the observed values. The individual results are shown in the last three 
columns of Table III, and the mean value is 


Po — Pc = —9°3 + 0°4 km/sec. 


The full agreement between the observed radial velocities and those calculated 
as described above is most satisfactory. It gives confidence in the interpretation 
of the stars studied here as forming a true moving cluster and, of perhaps greater 
importance, it demonstrates that the radial-velocity system used is in agreement 
with motions determined entirely by the geometrical methods of fundamental 
astronomy. ‘The radial-velocity residuals in Table III are quite satisfactorily 
small. The only values greater than 2 km/sec are from the stars whose spectra 
are very difficult to measure, only three or four extremely broad lines being 
visible. It is perhaps worth noting however that the Lick Observatory velocities 
for these same stars agree very well with the values determined here and thus the 
residuals in Table III may not be caused altogether by errors of observation. 
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It may now be concluded that the present methods for determining the 
convergent point of a moving cluster are acceptable in those cases where the 
precision of the proper motions justifies a detailed study. In the case of the 
Ursa Major cluster the method of differential corrections has given a very 
satisfactory convergent, and our knowledge of the space motion of this group 
of stars is sufficiently precise. There does not appear to be much likelihood of 
improving the present results until a substantial improvement in the accuracy 
of the trigonometrical parallaxes becomes possible. 


TABLE III 


Representation of the observed motions of the cluster stars with the convergent A=299 ‘6, 
D=— 32°°4 
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It is with pleasure that we acknowledge the assistance of G. J. Odgers in 
discussing the material of Section 2 and in making valuable suggestions 
throughout. We are indebted also to Mrs Edmonds for the radial-velocity 
measures and much assistance with the computations. 


APPENDIX 
Procedure for determining the convergent, using transformed coordinates 


The first requisites are the centre of the cluster and the mean position angle 
of the proper motions. For the latter, we take the weighted average of the 
position angles of the individual members: 
om NB 
bo= See. (6) 
The centre may be found by taking the average of the right ascensions « and 
the declinations 5. In general this will not quite make the mean of the new 
declinations § zero. ‘This is obvious from the spherical geometry of the situation. 
We take as the centre of the cluster that point P(a,d) on the celestial sphere 
(Fig. 2) for which the sum of the weighted distances from P to the stars is a 
minimum. For any cluster star we have 


cos x =sin 6 sin d+ cos6 cos dcos(«— a). 


Rather than minimize Xk*x, we treat, for simplicity, the sum 


U = k* cos x. 
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r 


Setting el =0, we obtain 


Sk? cos 6 sin « 


tane@> =" - 
Sk? cos 6 cos 


Setting ad =0, we have 


Lk? sin 8 
Yk? cos 6 cos (% — a) 





tand= 


XR? sind 


Sk? cos6 cos x" 


POLE 


tand=cosa 


(90°-d) 
P (a,d) 


(a,8) 


Fic. 2. 


In Fig. 3, Q is the original pole and EAE’ the original equator. The cluster 
centre is (a,d); the new pole is R and the new equator is ECE’. It appears 
simplest to measure right ascension from E. ‘Thus if the original right ascension 
of the star T is «, its modified right ascension (from E, but along EAE’) is 

a’ =%—-a+T, (9) 
where 7 is the arc EAH. 
In the triangle CEH ” 
tan7 =sin dtan 0p. (10) 
In the triangle TOR 
sin B =sindcose—cosd sine sin «’ (11) 
and 
cos 6 cos a’ 
cos o = ———.— 
cos B 
‘The quantity « required in (11) is given by 
cose =cosdsin 4p. 


If 6, is the position angle of the proper motion of T, the new value 8, is 
8,— ZRTQ. In the triangle RTQ 


~ , sine cosa 
69=9+sin"! (“ace . (14) 
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An approximate convergent may be found in many ways. One method is 
to divide the cluster members into two groups: those on one side of the new 
equator and those on the other. A test convergent may be obtained by 
considering the intersections of the central circles of these groups and the central 
circle of the cluster. In any event it is wise to be guided by the values of N at 
various points along the equator. For this purpose one may compute @,, from 


cot 6,.= —sin Bcot(S—o). (15) 


(¢-90) 


Fic. 3. 


When the differential corrections are determined from a test convergence (S, 0) 
on the equator, equation (5) is replaced by 


— sin? 8. sin 8 cosec (S —oa) dS —sin* O cosec (‘S—a) cos BdB= 6, - 6, . (16) 


The formulae for transforming the convergent back to the original coordinates 
are : 
sin D=sin Bcose+cos Bsine sin S; (17) 
cos S cos B 


cos A ae (18) 


Dominion Astrophysical Observatory, 
Victoria, B.C.: 
1953 January. 





THE ANNUAL FLUCTUATION IN THE RATE OF 
ROTATION OF THE EARTH 


Humphry M. Smith and R. H. Tucker 


(Communicated by the Astronomer Royal) 
(Received 1953 March 6) 


Summary 


The amplitude of the apparent annual fluctuation in the rate of rotation 
of the Earth decreased in 1950 and has since remained at the lower value. 
Furthermore the fluctuation observed at stations in the northern hemisphere is 
due in part to systematic errors in the FK3 star places. The extreme range in 
the length of the day is now estimated as +0°5 millisecond. Comparable 
results are deduced from time observations made in America and Australia. 





From the study of the performance over the period 1943-1949 of the 
quartz-crystal clocks used in the Greenwich Time Service, an apparent annual 
fluctuation in the length of the day of about +1 millisecond was deduced. The 
cumulative effect on time keeping was found to be approximately +60 milli- 
seconds (1). This fluctuation, which was derived after corrections had been 
applied to the time determinations to allow for the effect of polar motion, was 


attributed to real variations in the rate of rotation of the Earth. It combines 
with the effect of polar motion to produce a non-uniformity in astronomically 
determined time, introducing apparent irregularities into the performance of 
the clocks. In the assessment of the performance of high-grade standards of 
frequency it is thus necessary to evaluate these effects and to establish a 
provisional uniform time system from which these irregularities have been 
removed (2). 

With the continued improvement in the stability of quartz clocks over 
periods of two years or more, it became possible to evaluate the annual fluctuation 
over single periods of twelve months. Such analyses are made at regular 
quarterly intervals and used in the routine assessment of clock performance 
and in the determination of absolute frequency. In the years 1950-1951 there 
was no evidence of any significant change from quarter to quarter, but the 
amplitude determined showed a substantial reduction to about one-half of the 
value given by the earlier analysis (3). ‘The quarterly analyses completed in 
1952 continued to indicate an amplitude in the neighbourhood of +30 milli- 
seconds. ‘The method of analysis has been described in detail elsewhere (4), 
and some recent results are given in Table I. These values are based on 
coordinates of the pole which have recently been supplied by the Central Office 
of the International Latitude Service. 

By international agreement, all observations for time determination are 
referred to the FK3 system of star places, and the question arose whether the 
observed fluctuation could be due to systematic errors in the star catalogue, but 
it was not thought that these could account for more than a small portion of the 
etfect. 
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At the U.S. Naval Observatory, Dr H. R. Morgan has been engaged on the 
preparation of a new star catalogue, known as N30, based on observations 
subsequent to those used in the construction of the FK3 catalogue and on an 
entirely independent system. This catalogue has not yet been published, but 
tables of the mean differences between N30 and FK3 in the positions and 
proper motions in right ascension for different hours of right ascension and for 
different zones of declination, for the epoch 1950, were communicated privately 
to the Astronomer Royal in advance of publication. It can safely be assumed 
that the N30 star places are systematically more nearly correct at the current 
epoch than those of FK3. The systematic differences between the N30 and FK3 
right ascensions were accordingly adopted as corrections to the FK3 right 
ascension system. 

TABLE I 
Determinations of Annual Fluctuation 


Period Covered a, d, a2 d, 
1950 Jan.—1950 Dec. 33°5 12 2-7 69 
1950 Apr.—1951 Mar. 32°2 16 4°8 79 
1950 July—1951 June 330 16 5°8 73 
1950 Oct.—1951 Sept. 33°9 12 8-4 7 
1951 Jan.—1951 Dec. 27°7 10 7:9 79 
1951 Apr.—1952 Mar. 27°3 11 8°5 79 
1951 July—1952 June 26-2 16 7°3 94 
1951 Oct.—1952 Sept. 27°8 5 0 Se 86 
1951 Jan.—1952 Sept. 27°3 7 10°I 83 


Cumulative Time Effect of Fluctuation, or amount by which Earth is slow, f milliseconds, 
is given by 


f=a, tin — (d—d,)-+ a, sin — (d—dy> 
305 365 


where d is the day of the year. 


From the known distribution of the Greenwich time observations in right 
ascension and declination, it was possible to calculate the contribution made 
by these corrections to the observed annual fluctuation. It appears that the 
errors in the FK3 catalogue are not negligible, and that they give rise to an 
apparent annual fluctuation exceeding +10 milliseconds in the astronomically 
observed Greenwich Time. ‘The observed annual fluctuation may be regarded 
as the resultant of two components, one due to the star place errors, and the 
other attributed to a real variation in the rate of rotation of the Earth. Thus 
while Table I shows the amplitude and phase of the determined annual 
fluctuation when FK3 star places are employed, Table III shows the effect of 
applying corrections obtained from the N30-FK3 difference. Fig. 1 shows 
the cumulative time effect of the annual fluctuation referred to both the FK3 
and the new N30 system of star places. 

Various attempts have been made to determine the amplitude of an annual 
fluctuation which might arise from meteorological changes. Mintz and Munk (5) 
have estimated that seasonal variation in the zonal winds of the atmosphere 
could account for a change in the length of the day between January and July 
amounting to 0:5 millisecond. This they compared with a corresponding change 
of 1°5 milliseconds deduced from the published data relating to the annual 
fluctuation for 1943-1949. In fact, the Greenwich preliminary analysis indicated 
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that the greatest change was between March and August, and amounted to 
2:0 milliseconds. An analysis by Stoyko (6) based on the results from several 
observatories gave a smaller six-monthly term, but the extremes ranged from 
+0°9 millisecond in March to —1-1 milliseconds in August. It is thus clear 
that the range of 2-0 milliseconds is more appropriate to the analyses of that 
period. The results of these analyses are shown graphically in Fig. 2. 
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Fic. 1 —Annual Fluctuation, 1951-1952. Cumulative Time Effect. 


Dotted line—observations referred to F K3 star places. 
Full line—observations referred to amended star places. 


The more recent and more accurate determinations of the annual fluctuation 
based on the Greenwich Time Service data, with corrections applied to :educe 
the FK3 system to the N30 system, indicate an extreme range in the length of 
the day of about one millisecond. The larger range given by earlier investigations 
may be real, but may be in part attributable to the fact that the performance of 
the clocks on which those investigations were based was less reliable than the 
performance of the clocks on which the present investigation is based. If the 
investigation of Mintz and Munk were extended to all the months of the year, 
it might show that there is no longer any serious discordance between the 
observed annual range in the length of the day and that attributable to the 
seasonal variation in the zonal winds of the atmosphere. 

In all analyses of the annual fluctuation it has been customary to evaluate 
a six-monthly term. Such a term will necessarily arise if the seasonal peaks of 
the fluctuation are not six months apart. This term cannot be determined with 
the same accuracy as the annual term, on account of its greater sensitivity to 
individual outstanding points. In other words, the observational material is 
not sufficiently accurate to give precise values of the annual range in the length 
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of the day, nor of the months in which the extreme values occur. For convenience 
of comparison with monthly meteorological data, the monthly means of the 
deviation of the length of the day from its mean value, based on the Greenwich 
observations from 1951 January to 1952 September and on the N30 star places, 
are given in Table II. A positive sign indicates that the length of the day exceeds 
its mean value, corresponding to a reduced rate of rotation. 
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Fic. 2.—Annual Fluctuation in the Length of the Day. 
Positive—length of day exceeds mean value. 
Dotted line—Greenwich 1943-1949 (1). 
Full line—mean of six observatories 1934-1939 (6). 


While the table may be taken as giving values typical of the period examined, 
it is clear that a seasonal phenomenon arising from meteorological causes will 
not be strictly repetitive from year to year. The results are shown graphically 
in Fig. 3, together with a graph in which the rather more uncertain six-monthly 
term has been omitted. A comparison of these two curves may serve to indicate 
the extent to which the determined seasonal fluctuation differs, in a typical period, 
from a simple annual term. The departure from a simple sinusoidal pattern will 
vary from year to year, and the figures quoted in Table II must thus be regarded 
merely as indicative of the magnitude and general form of the fluctuation in the 
length of the day. 

In so far as the annual fluctuation is due to a real variation in the rotation of 
the Earth, the observed effect should be the same at all points on the surface of 
the Earth. In this respect, it differs from the effect of polar variation, which 
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depends on the position of the observing station. It should therefore be possible 
to detect a comparable annual fluctuation in the time observations made at 
different observatories, but some investigations to this end had appeared to give 
conflicting results. It was accordingly decided to relate the time observations 
made by the U.S. Naval Observatory at Washington and Richmond to the same 


TABLE II 


Monthly Mean of Deviation of Length of Day from Mean Value 
[milliseconds] 











Jan. Feb. Mar. Apr. May June 
0°03 + 0°35 0°54 +034 —0-16 —0'58 
July Aug. Sept. Oct. Nov. Dec. 
—0'59 —0'24 + 0°13 0°22 0°05 ~O'10 
JANUARY | JULY | 
MSECS 
+05- 
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Fic. 3.—Annual Fluctuation in the Length of the Day. 


Positive—length of day exceeds mean value. 
Full line—mean of recent Greenwich determinations. 
Dotted line—12-month term only. 


mean clock as had been used in the routine analyses of the Greenwich observations. 
A satisfactory link was provided by the measurement at Washington and Abinger 
of the WWV radio time signals. ‘There is close accord between the results 
obtained for Washington and Richmond; it appears that the amplitude of the 
annual fluctuation observed in the United States is in the neighbourhood of 
+20 milliseconds. 

This determination is similar to that obtained from the Greenwich 
observations when the latter are referred to the N30 star places. The time 
observations at Washington and Richmond are made with a Photographic Zenith 
Tube. The stars observed are too faint to be included in the FK3 catalogue; 
but, according to information received from the U.S. Naval Observatory, though 
the star positions are related to the FK3 system as a whole, they do a" reflect 
18 
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the periodic errors of the FK3 system; the derived annual fiuctuation is thus 
directly comparable with the true variation in the rate of rotation of the Earth, 
as given by the Greenwich observations corrected for the FK3—N30 difference. 
The satisfactory nature of the agreement is shown in Table III. 


Tas_e III 

Observatory Period a d, a, ade 
Greenwich (FK3) 1951 Jan.—1952 Sept. a7°3 7 ror 83 
Canberra (FK3) 1951 Jan.—1952 June 19°4 362 8-2 82 
Greenwich (N30) 1951 Jan.—1952 Sept. 18°5 26 10:5 87 
Canberra (N30) 1951 Jan.—1952 June 23°9 364 8-5 84 
Washington (PZT) 1951 Jan.—1952 June 22°3 35 Ir‘O I19 
Richmond (PZT) 1951 Jan.—1952 June 23°0 36 10°5 III 


Regular information is received from Canberra relating to the Australian 
‘Time Service, making it possible to refer a series of southern hemisphere time 
observations to the same Greenwich mean clock. The radio time signal link 
was effected in two independent, though indirect, ways which gave a good 
measure of agreement. The Australian observations were corrected for polar 
variation in the same way as the British and American observations. 

The N30 catalogue indicates that the periodic errors of the FK3 system for 
stars in the southern hemisphere are small, but their effect was taken into account. 
The annual fluctuation thus derived from the Canberra observations was found 
to have an amplitude of approximately +20 milliseconds (see Table III). It 
would appear, therefore, that reasonable agreement exists between the annual 
fluctuation observed in various parts of the world, provided that the systematic 
errors in the FK3 star places are taken into account. 

The annual fluctuation in the rate of rotation of the Earth does not affect 
the time intercomparisons between observatories or the determination of 
longitude by local astronomical observations compared with the radio time 
signals from a remote observatory. Both may, however, be significantly affected 
by the differential effect in longitude of the polar variation and by the differential 
errors arising from the use of different groups of stars at the two observing 
stations. The effect of polar variation at any station can be evaluated by means 
of the coordinates of the pole as published by the International Latitude Bureau, 
but as a rather long period must elapse before these results are available, 
provisional estimates must be made for current work. So that the data may be 
available with the minimum of delay, Professor Cecchini, the Director of the 
Bureau, has agreed, at the suggestion of the Astronomer Royal, to publish the 
coordinates of the pole at intervals in the Copenhagen circulars. As for the 
star places, time determinations are based by international agreement on the 
FK3 system, so that the results obtained at different observatories shall be 
directly comparable. Because of the not inconsiderable errors in the FK3 system 
at the present epoch, this purpose is no longer achieved. It is gratifying to know, 
however, that the FK3 system is to be revised at the Astronomisches Rechen- 
Institut, using observations obtained since its formation; and that a supplement 
containing the brighter stars to about the 7th magnitude is to be published. 

The evidence now available suggests that the most serious systematic errors 
of the Ax, type in the FK3 system occur in the star places for the northern 
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hemisphere: no significant periodic errors appear to be present in the equatorial 
zones, and in the southern half of the sky they are small. Observations made 
at stations in the northern hemisphere will be subject to appreciable periodic 
errors unless they are confined to stars in the equatorial zones or are subsequently 
corrected to a uniform system. 


Royal Greenwich Observatory, 
Abinger Common, 
nr. Dorking, 
Surrey : 
1953 March 5s. 
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OBSERVATIONS OF NOVAE, 1950, 1951 and 1952 
W. H. Steavenson 
(Received 1953 February 25) 


These observations are in continuation of similar series communicated to 
the Society in past years. Unless otherwise stated, they were all made with 
the 30-inch Hindle reflector. 

Nova Aquilae (1918) 

This nova is still subject to slight and irregular fluctuations, as it was before 

its outburst in 1918. 


Date Mag. 
1950 Sept. 17 1I°5 
1951 Aug. 3 II°4 
1952 July 2 II‘ 

Aug. 10 II‘! 


Nova Aquilae (1936) (©) 
The general fading has now ceased and the nova is sensibly constant in 
brightness. It was observed on 1950 September 14, 1951 September 2 and 
1952 July 24, and the magnitude was estimated at 15-7 on each occasion. 


Nova Aquilae (1945) 
A negative observation on 1950 September 14 indicates that this nova was 
fainter than mag. 16-3. I have not seen it since 1949 August 30 and conclude 
that it has now faded beyond the reach of the 30-inch telescope. 


Nova Aurigae (1892) 

The brightness of this nova shows no significant change from year to year. 
Estimated magnitudes on 1950 November 5 and 1952 December 20 were 
respectively 14°7 and 14:8. 

Nova Cygni (1876) 

The slight and irregular variability noted in previous years by Barnard and 

myself is still in evidence. 


Date Mag. Date Mag. 
1950 Sept. 14 14°91 1951 Sept. 15 14°66 
17 14°86 21 14°60 

20 14°86 Ot. 3 14°58 

21 14°86 9 14°66 

22 14°86 Nov. 2 14°66 

1951 Aug. 9 14°65 1952 July 24 14°60 
3I 14‘60 Aug. 22 14°81 


Sept. 2 14°60 


Nova Cygni (1920) 
This nova has a pretty steady minimum. Estimates on 1951 September 2 
and 1952 July 30 made it 16-1 and 16-2 respectively. 
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Nova Cygni (1942) 
The minimum has apparently been reached, the magnitude on 1950 
September 17, 1951 September 2 and 1952 July 24 being estimated at 16-3. 


Nova Cygni (1948) 
A negative estimate on 1952 August 22 made the magnitude <16, and the 
nova has probably faded out of range of the telescope. 


Nova Geminorum (1912) 
There is little or no change in the magnitude of this nova, which was 
estimated at 14-8 on 1952 December 20. 


Nova Herculis (1934) 
This nova continues to fade very slowly but is still definitely brighter than 
before its outburst. On 1950 May 16 it was noted that it appeared as a stellar 
point in the centre of a nebulous disk about four seconds of arc in diameter. 


Date Mag. 
1950 May 14 13°8 
16 13°6 

Sept. 20 13°6 

1951 May 29 139 
Nov. 2 13°38 
1952 July 26 13°8 


Nova Lacertae (1910) 

This object has for many years been at a sensibly steady minimum. ‘The 
estimates on 1950 September 20 and 1952 August 22 were respectively 14:4 and 
14°3. 

Nova Lacertae (1930) 

The general tading has ceased and the nova is nearly steady in its light, 
though perhaps a little brighter than in 1948 and 1949. The estimates on 
1950 September 17, 1951 September 2 and 1952 July 24 were respectively 
14°9, 14°8 and 14°8. 

Nova Lacertae (1950) 

‘The estimates in 1950 were made, up to February 7 inclusive, with the 43-mm 

inverting binoculars, and after that with the 3-inch Merz comet-seeker. 


Date Mag. Date Mag. 
1950 Jan. 29 6:0 1950 Feb. 7°8 

Feb. 3 6-6 7°4 
6 6:7 81 
7 6-7 Mar. 9°3 
8 7°3 9°3 
10 74 88 
II 7°4 1951 Sept. 12°5 
13 74 1952 July 13°4 
16 75 


Nova Lyrae (1919) 
The nova has reverted to its normal minimum after the temporary brightening 
of 1949. ‘The magnitude was estimated at 15-3 on 1952 July 30. 
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Nova Ophiuchi (1848) 
The slight variability of this nova persists. The magnitude was estimated 
at 12-8 on 1950 July 27 and 12-5 on 1952 July 26. 


Nova Perset (1901) 
This is the most markedly and persistently variable of all the old novae. 
It seems never to remain of the same brightness for more than a few days 
together. There is no clear evidence of periodicity in the fluctuations. 


Date Mag. Date Mag. 
1950 Jan. 9g 13°31 1951 Apr. 14 12°74 
18 12°64 15 12°69 
Sept. 13 13°26 19 12°95 
14 13°29 20 13°05 

17 12°95 21 13°10 

18 13°20 22 12°90 

20 13°47 23 12°95 

21 13°00 Aug. 3 12°84 

22 13°41 9 12°90 
Get. «¢£ 13°00 10 12°78 
8 13°47 12 12°74 

12 13°05 16 12°64 

19 13°00 22 12°53 
Nov. 3 12°95 31 12°84 
5 12°90 Sept. 2 12°53 

II 12°64 13 12°69 

12 12°64 15 12°64 

13 12°69 21 12°34 

14 12°59 23 12°69 

a7 12°43 26 12°53 
Dec. 1 11°95 28 12°48 
5 II‘gI 29 12°32 

7 11°81 Oct. 1 12°32 

15 ¥3-71 3 12°32 

28 12°64 5 12°32 
1951 Jan. 7 13°00 6 12°48 
13 13°05 7 12°64 

14 12°84 8 12°64 

15 12°84 9 12°69 

24 12°84 10 1310 

27 12°84 II 12°84 
Feb. 6 1300 17 12°84 
19 13°05 19 12°74 

23 12°90 20 12°84 
Mar. 1 12°90 21 12°95 
2 12°84 Nov. 1 12°90 

3 12°95 2 12°53 

4 12°95 3 12°43 

7 12°90 4 12°64 

12 12°79 (: 12°48 

20 12°84 15 12°48 

23 12°69 16 12°32 

24 12°69 17 52-32 

27 12°58 19 12°53 

30 12°69 21 12°53 
Apr. 2 12°32 25 12°48 
4 12°32 26 12°53 


II 12°32 27 12°64 
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Date Mag. Date Mag. 
1951 Nov. 28 12°64 1952 Apr. 23 12°69 
Dec. 1 12°32 July 24 13°41 
2 12°12 26 13°51 

ra) 12°95 30 13°41 

9 12°95 Aug. 10 12°84 

10 12°84 14 12°84 

21 12°64 22 12°79 

29 12°64 23 12°95 

30 12°64 25 12°90 

1952 Jan. 3 12°48 29 12°74 
12 12°53 Sept. 17 12°58 

16 12°43 25 12°69 

18 I2‘11 26 12°64 

19 12°64 a9 12°54 

26 12°78 Oct. 8 12°74 

31 12°53 II 12°74 

Feb. 1 12°64 14 12°95 
2 12°64 24 12°79 

9 12°74 25 12°84 

15 12°74 26 12°74 

21 12°59 Nov. 7 12°74 

22 12°69 8 12°84 
Mar. 1 12°69 II 12°79 
5 12°84 17 12°38 

10 12°74 22 12°38 

15 12°84 23 12°48 

16 13°10 24 12°90 

22 12°74 25 13°00 

25 12°84 Dec.. 3 12°84 

Apr. 2 12°59 4 12°43 
4 12°48 5 12°58 

5 12°53 6 12°84 

16 12°84 8 12°95 

i 12°95 20 12°64 

18 12°74 21 12°43 


Nova Sagittae (1913) 

After its second observed outburst in 1946 the nova seemed to have reached 
a stationary minimum of mag. 14:4 in 1948 and 1949, but it has since faded a 
little further. On 1950 September 17 the magnitude was estimated at 14-6 and 
on 1952 August 22 at 14:8. 

Nova Scuti (1952) 

‘This nova was discovered by Arend at Uccle in 1952 July. Its position for 

19520 is R.A. 18" 55™ 438, Dec. — 5° 27’ 59”. 


Date Mag. Date Mag. 
1952 July 24 12°0 1952 Aug. 25 12°7 
26 11°8 29 12°9 

30 12'0 Sept. 17 133 

Aug. 10 I1°O 25 13°4 

13 11°8 27 13°4 

I4 12°t Oct. & i797 

22 12°8 II 13°97 

ae 13°0 14 13°9 


Cambridge : 
1952 February 24. 














MEAN AREAS AND HELIOGRAPHIC LATITUDES OF 
SUNSPOTS IN THE YEAR 1948 


Royal Observatory, Greenwich 
(Communicated by the Astronomer Royal) 
(Received 1953 February 26) 


The following results are in continuation of those given in M.N., 112, 570, 
1952, and are derived from the measurement at Herstmonceux of photographs 
taken at the Royal Observatories of Greenwich and the Cape and at the 
Kodaikanal Observatory, India. For two days unrepresented at these observa- 
tories, viz. January 1 and December 20, positives on glass were kindly supplied 
by the Director of the Mount Wilson and Palomar Observatories. 

Table I gives the mean daily areas of umbrae, whole spots and faculae for 
each synodic rotation of the Sun included in the year 1948; the means for each 
year as a whole are included in Table II, which summarizes the yearly values 
since the last sunspot minimum of 1944. A slight revision of previously published 


areas of faculae for 1944 and 1946 has been made in Table II, owing to the later 
inclusion of a number of polar “ flecks’’. 








TABLE | 
Mean Daily Areas 
Projected* Corrected for ForeshorteningT 
No. Rotation Days -— A — A . 
of Commenced Photo- ,. Whole ,, Whole 
Sieiiion UT. graphed Umbrae Spots Faculae Umbrae Spots Faculae 
1947-48 
1261 Dec. 14°74 27 346 2180 2067 259 1665 2558 
1262 Jan. 11°07 28 223 1334 1835 165 985 2286 
1263 Feb. 7:41 27 227 1456 1566 179 1172 2011 
1264 Mar. 5:75 27 279 1596 1702 227 1325 2168 
1265 Apr. 2°05 27 735 4517 2210 560 3507 2863 
1266 Apr. 29°32 28 681 4341 2306 512 3302 2975 
1267. May 26-54 27 505 3052 2124 383 2369 2708 
1268 June 22°74 27 411 2941 2198 292 2073 2728 
1269 = July 19°94 27 457 3048 1968 343 2298 2432 
1270 )3—- Aug. 1616 2 324 2081 1854 237 1526 2271 
1271 Sept. 12°41 2 446 2590 1885 331 1942 2342 
1272 Oct. 9°69 27 361 2407 1615 273 1790 2044 
1273 Nov. 5:99 28 224 1323 1375 163 972 1711 
1274 Dec. 3°30 27 634 3771 1371 456 2741 1722 


* Expressed in millionths of the Sun’s disk. 
+ Expressed in millionths of the Sun’s hemisphere. 
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Table III gives for each rotation in the year 1948 the mean daily area of the 
whole spots (corrected for foreshortening) and the mean heliographic latitude 
of the spotted areas for both northern and southern hemispheres. 

The mean heliographic latitude of the entire spotted area and the mean 
distance from the equator of all spots are also tabulated. The mean values for 
the year 1948 are included in Table IV. 


TABLE II 


Mean Daily Areas 


—— 








No. of Days Projected* Corrected for Foreshorteningt 
> s Ps. r r 
Year Fhe een Umbrae be mane Faculae Umbrae pe nate Faculae 
graphed Spots Spots Spots 
1944 366 157 30 160 284 23 126 344 
1945 365 14 102 560 774 78 429 940 
1946 365 ° 389 2381 1794 291 1817 2185 
1947 365 ° 558 3559 2326 405 2637 2894 
1948 3606 ~ ~@ 419 2618 1849 314 1977 2331 


* Expressed in millionths of the Sun’s disk. 
+ Expressed in millionths of the Sun’s hemisphere. 


‘Tables Il and IV are in continuation of similar tables in Monthly Notices: 
for the years 1874 to 1888 : 49, 381, 1889 ; 1889 to 1902 : 63, 465, 1903 ; I9OI to 914: 
76, 402, 1916; 1913 to 1924: 85, 1007, 1925; 1923 to 1933: 94, 870, 1934; and 
1933 to 1945: 110, 501, 1950. 

The rotations in Tables I and II are numbered in continuation of 
Carrington’s series. 





\ Tas_e III 
Spots North Spots South 
of the Equator of the Equator Mean 
~ — A . Mean Distance 
on Mean ~~ Mean Latitude from 
No. Rotation Daily Helio- D: ‘ly Helio- of Entire Equator 
of Commenced “graphic avy graphic Spotted of all 
Rotation uT. “* Leiude 8" Lesude Area Spots 
1947-48 

1261 Dec. 14°74 564 16-08 1100 18°88 7°93 17°93 
1262 Jan. 11:07 170 15°76 815 15°74 10°30 15°74 
1263 Feb. 7:41 731 17°51 440 12°93 6:07 15°79 
1264 Mar. 5°75 goo 19°36 425 16-88 7°73 18°56 
1265 Apr 2°05 1960 17‘19 1548 13°79 3°52 15°69 
1266 Apr. 29°32 1088 15°80 2215 14°91 4°79 15°20 
1267 May 26°54 1436 14°49 934 15°22 2°78 14°78 
1268 June 22:74 1368 12°81 705 12°94 4°05 12°86 
1269 July 19°94 1015 11°94 1283 12°78 1°87 12°41 
1270 Aug. 16:16 795 16-10 731 12°73 2°29 14°45 
1271 Sept. 12°41 743 11°89 1199 11°75 a-7% 11°80 
1272 Oct. 969 1129 12°60 661 10°72 3°98 11°go 
1273 Nov. 5°99 429 13°03 543 10°63 o'19 11-69 
1274 Dec. 3:30 648 14°75 2092 12°30 5°90 12°88 
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TaB_e IV 
Spots North Spots South 
of the Equator of the Equator Mean 
¢ ~ _— ~ . Mean Distance 
hi Mean ~— Mean Latitude from 
Y Days 73. ©leue- 4 Helio- of Entire Equator 
ear Photographed Daily hic Daily graphic Spotted _of alll 
iia Area ee Area grap P “ 
Latitude Latitude Area Spots 
1944 366 42 19°00 83 22°81 —8-70 21°53 
Old Cycle 7 4°17 6 7°61 1°14 5°72 
1944 366 New Cycle 35 22°18 a7 24°02 — 9°63 23°45 
1945 365 121 20°13 309 20°26 —8-92 20°22 
1946 365 1127 20°74 690 18-79 + §°73 20°00 
1947 365 992 16°58 1645 17°85 4°91 17°38 
1948 366 936 14°92 1041 13°53 0°06 14°19 


The chief features of the record are as follows :— 


(1) The mean daily area of sunspots (1977 millionths, corrected for fore- 
shortening) and of faculae (2331) are both notable, but represent a substantial 
decrease (25 per cent for spots and 19} per cent for faculae) as from the 
exceptionally high maximum of the preceding year. The run of the mean spot 
areas in Table I shows a marked peak in Rotations 1265 and 1266. 

No unusually big sunspots contributed to the mean daily area as was the 
case in 1947 and 1946. The largest spot group averaged 1592 millionths during 
its disk passage from December 18-30. There were seven other groups with 
mean area >1000 millionths. 

The ratio of mean areas, faculae/whole spots for 1948 was 1-18, which, as in 
1946 and 1947, is well below average for previous maxima (see comments in 
reports for 1947, loc. cit., p. 572). 

(2) On no day in 1948 were sunspots and faculae absent from the Sun’s disk, 
but on March 23, the spot area was only 9 millionths. ‘The total area of faculae 
on this day was 2162. 

(3) The mean daily areas for northern and southern hemispheres are not 
dissimilar, and the mean latitudes are in near agreement. 

(4) The number and distribution, northern and southern hemisphere, of 
spot groups of (a) two days or longer; (5) one day only, are as follows :— 


(a) (5) 

Northern spots 248 41 
Southern spots 276 44 
Total 524 85 


‘The range in latitude for the longer-lived spots was from 0° to 34°. The latitudes 
of the 1-day spots ranged from 0° to 37°. 

(5) The mean weighted latitude of all spots was 14°-2, i.e. 3°:2 nearer the 
equator than for 1947. 

A short descriptive survey of the sunspots of 1948 has been given in Monthly 
Notices, 109, 246, 1949. 
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An appended table gives the mean daily areas of sunspots and of faculae 
(corrected for foreshortening and expressed in millionths of the Sun’s 
hemisphere) for each calendar month of 1948. 


Monthly Mean Daily Areas of Sunspots and Faculae 


1948 
Month Spots Faculae Month Spots Faculae 
Jan. 1113 2548 July 1766 2739 
Feb. 1090 1998 Aug. 2075 2299 
Mar. 1261 2102 Sept. 1865 2322 
Apr. 3432 2732 Oct. 1745 2124 
May 3305 2978 Nov. 1006 1759 
June 2559 2680 Dec. 2477 1674 


Royal Greenwich Observatory, 
Herstmonceux Castle, Sussex : 
1953 February. 








OCCULTATIONS OF STARS BY THE MOON OBSERVED AT 
THE NIZAMIAH OBSERVATORY, HYDERABAD, 
DURING THE YEAR 1952 


(Communicated by the Director) 


(Received 1953 February 9) 


The instrument used throughout was the 15-inch Grubb refractor. The 
corrections to the standard clock were determined from BBC time signals weekly. 
The reductions were carried out by S. Aravamudan assisted by M. M. Ramanathan, 
in accordance with the formulae given in the supplement to the Nautical Almanac 
for 1938. A correction of —0»-00076 was applied to the observed time, to allow 
for the error of — 1”-5 in the mean longitude of the Moon. 














TABLE I 
No. | nae No. | Mag: | Phase Date U.T. Observer 
1952 hm °. 
I 518 59 D January 7 S94. 1°3 M.G. 
2 1815 4°8 R 18 20 24 30°4 M.G. 
4 616 5°6 D February 4 14 23 59°0 M.R. 
4 768 70 D 5 7 8 63 M.G. 
5 771 6°1 D 5 17 41 45°3 M.G. 
6 1487 1°3 R II 15 6 26-7 M.G. 
q 311 6°5 D 29 15 43 16°4 M.G. 
8 797 6°3 D March 31 13 53 59°9 M.R. 
9 746 6°8 D April 27 14 7 466 M.G. 
10 1168 6:8 D 30 14 3% 3% M.R. 
II | 1637 6:0 D June I 15 39 51°6 M.R. 
12 2505 5°4 D August 29 17 18 8-0 M.R. 
13 2405 6-4 D October 22 13 30 22°6 M.R. 
14 2554 5°4 D 23 14 24 6°5 M.R. 
15 3035 6°8 D 26 14 25 13:2 M.R. 
16 3173 e-4 D 27 12 48 18:2 B.N. 
a 2857 6°7 D November 21 14 31 22°0 M.R. 
18 3152 6°8 D 23 I5 30 34°3 M.R. 
19 3280 7°4 D 24 13 36 59°0 B.N. 
20 3420 7% D 25 16 50 36:2 B.N. 
21 89 6°5 D December 24 14 3 29°0 M.R. 


























The last column indicates the observers : 
M.G. Mahomed Ghouse 


M.R. M. Ramanathan 
B.N. B. Narasimhan 
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TABLE II 
No. o’—o cos (p—) | sin (p—w) No. o’—o cos (p—) | sin (p—w) 
I “Fo 0°74 -0°67 12 -O"2 +o'82 + 0°57 
2 +2°5 -0'98 —o-'19g 13 —1'% +099 +0°13 
2 —o'8 +092 —o'38 14 torr + 100 +0°03 
4 -O°7 +0°73 +0°69 15 °6 +098 -O'21 
5 -o'l 9-98 —0'22 16 +orl +o-98 +o18 
6 [+44] -O'75 +0°66 17 1'0 +080 0°60 
7 -0°7 + 0°92 -0°40 18 I°5 +086 +O'52 
8 +14 -0°83 -0°56 19 o-7 +0°69 +72 
9 —1'l -0'74 -0°67 20 o'9 + 0°53 +0°85 
10 -1°6 +086 +O°5§2 21 -2°0 og! 0°42 
II oo ~1:00 +o-ro 
Nizamiah Observatory, 
Hyderabad, Deccan, India : 
1953 February 3. 
ERRATA 


M.N., 112, No.6: A. McKellar and R. M. Petrie, Intensity and radital- 
velocity measurements on the spectrum of Zeta Aurigae at recent eclipses. 


P. 648, line 17, for distribution to be expected on the supposition of a single 
rotation of the atmosphere, read distribution to be expected on the supposition of a simple 





rotation of the atmosphere. 


M.N., 113, No. 1: R. d’E. Atkinson, Cinematography of partial solar eclipses, I. 


P. 26, line 41, for Wratten 57, read Wratten 58. 
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